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Abstract

Wireless localization is a very mature area of research, with plenty of work done in

recent years both in academia and industry. Despite the amount of effort put into

this problem, wireless positioning systems are still far off their potential as a real-

time locating technology (which requires automatic identification and tracking). It is

commonly known that wireless localization systems are still inaccurate and unreliable

in indoor environment, as a result indoor positioning systems are still quite frail and

under-deployed.

One possible reason for this is that numerous constituents are available in the literature

to solve parts of this problem, but still do not collectively combine to provide a complete

solution. To qualify the above, two very important problems within the area of wireless

localization have been treated as separate challenges. These problems are ranging (as

defined by the process of estimating distances from physical quantities) and trilateration

(as defined by the process of estimating the absolute location of sources given their

distances to a set of references).

This is rationalized by the fact that the fundamental tools required to design accurate

distance estimators and positioning algorithms are clearly distinct. From an error

analysis point of view, these problems are intrinsically interdependent, by the reason of

the fundamental limits on the root mean square error on the corresponding estimates

(both distances and locations) being governed by the same likelihood function given as

the product of the ranging error distributions. Therefore, an attempt at the unification

of these problems, with the aim at improving the accuracy, precision, complexity and

robustness of wireless localization for indoor positioning systems is reasonable.

During the course of this thesis, we provided estimation and reconstruction analyses

on the statistics of the ranging error distributions, we then refrained from pursuing

further positioning algorithms as both ranging and trilateration are governed by the

same likelihood function, but rather presented efficient ranging and multipoint ranging

techniques through the efficient collection of ranging information using Sparse and
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Golomb rulers obtained utilizing evolutionary genetic techniques, with the adjustment

of the ranging techniques to provide highly accurate solutions which aim at improving

the quality of distance estimation. We then pursued effective trilateration techniques

which allow results and information typically restricted to the ranging problem, to

inform positioning algorithms, thereby conditioning results in light of knowledge

extracted from ranging information in order to provide accurate wireless localization.

Therefore, we bridged and inter-connected both ranging and trilateration methods,

which resulted in efficient, robust, accurate, precise and low-complex ranging and

trilateration techniques for advanced indoor localization.
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Chapter 1

Introduction and Review

1.1 Wireless Localization: Fundamental Mechanisms

Wireless localization is a very mature area of research in personal and wireless

communications with its origin as far back as 1973 through the deployment of the Global

Positioning System (GPS). The GPS technology with other satellite navigation systems

such as Global Navigation Satellite System (GLONASS) and BeiDou Navigation

Satellite System (BDNSS) first became fully operational in 1995, and recently Indian

Regional Navigation Satellite System (IRNSS) in 2013. Altogether, the transforma-

tion in wireless localization started in 1996, when the U.S. Federal Communications

Commission (FCC) released a notice through its “Notice of Proposed Rulemaking [1]”

to Commercial Mobile Radio Service (CMRS) Providers. The FCC required providers

and operators to implement an Enhanced 911 location-based emergency service, to

enable the public to contact emergency services during a crisis while ensuring emergency

services can locate the caller within some stringent accuracy requirements. By virtue

of this policy, numerous location-based systems for emergency and commercial services

have been developed in the U.S., Canada, Europe, Asia and other parts of the world.

Although, wireless localization was originally intended for cellular-based systems lead-

ing to operators and providers becoming decisive partners in the development and

distribution location-based systems, currently, their roles were therefore challenged

by various companies through the rise of smart devices – mobile phones, tablets,

PCs, smart watches, and new technologies – ZigBee, Ultra-WideBand (UWB), Radio

Frequency Identification (RFID), Near Field Communication (NFC), Wireless Local

Area Networks (WLANs), Wireless Personal Area Networks (WPANs), Worldwide

1



2 Chapter 1: Introduction and Review

Interoperability for Microwave Access (WiMAX), Mobile WiMAX, Long Term Evo-

lution (LTE), LTE advanced etc. from the 3rd and 4th generation of wireless systems.

Inherently the introduction and emergence of this new technologies, geographic location

information are now a critical meta-data for location and context-awareness, which have

been successfully exploited by vendor and middleware companies to provide services

and applications for effective consumer market penetration.

From the 2014 ICT facts and figures features released by the International Telecommu-

nication Union (ITU) [2], it showed that there are over 2.3 billions mobile-broadband

subscriptions worldwide. Therein, the penetration levels for mobile-broadband is as

follows with the largest in Europe (64%) and the North and South Americans (59%),

the Middle-East States (25%), Asia-Pacific (23%) and Africa (19%) which depicts a

large market available for mobile applications and services. Particularly, the market

for Location-based services worldwide is currently $8.12 billion which is estimated to

grow at an annual rate of 25.5% to $39.87 billion in 2019 [3]. Additionally, the market

value for localization applications will further increase with the advent of technologies

such as Smart-Connected Devices, Machine to Machine (M2M) commonly known as

Internet of Things (IoT)), which estimates that 30 billion devices will be interconnected

by 2020, forming an Internet of Everything which is supported by the advent of IPv6 [7].

Therefore, it is not surprising that wireless localization is one of the fundamental

technologies in wireless networks in order to facilitate intelligent, secure, embodied and

ubiquitous services for location and context-awareness as seen in various IoT projects

such as BUTLER [4], IoT-A [5], OPENIoT [6] etc., thereby going beyond the attention

of both scholars and the industry.

1.2 Open Challenges

It is therefore paradoxical that despite the formidable efforts and resources put into

the wireless localization problem since 1996, wireless localization is still shy of its

potential as a truly ubiquitous technology [8, 9, 11]. Ubiquity requires the technology

to be available in every environment, and it is well-known that wireless localization

systems are still inaccurate and unreliable in places such as urban canopies and

indoor environments, which are characterized by high multipath and scarcity of LOS

conditions.

Traditionally, the two major problems within the area of wireless localization have been,

somewhat paradoxically, treated by authors as separate challenges. These problems are
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ranging (as defined by the process of estimating distances from physical quantities such

as received signal strength, time of arrival or phase of arrival) and trilateration (as

defined as the process of estimating the absolute or relative location of sources given

their distances to a set of references).

This is justified by the fact that the fundamental mathematical tools utilized to design

accurate distance estimators and positioning algorithms are somewhat distinct. For

instance, most of literature on wireless localization is somewhat “biased” towards

positioning algorithms where much of the theory available attempt to extract infor-

mation from the geometry of the problem, leading to mechanisms – be it algebraic,

optimization-theoretical, or statistical (Bayesian) in construction – that are often

recursive and or fine-tuned for local optimality; whereas in distance estimation, old

traditional techniques are still in use, which explains the gap between the breadth of

the literature and the fact that the technology is struggling to penetrate effectively the

indoor consumer market.

From an error-analytical point of view, however, these problems are inherently inter-

connected, by which it is meant that the fundamental limits on the root mean square

error on the corresponding estimates (distances and locations, respectively) are both

governed by essentially the same function, namely, a likelihood function given be the

product of the ranging error distributions which we would see later in the thesis.

Under the later observation, therefore, it is sensible to attempt a unification of the

two problems, with the aim at improving the accuracy, precision, robustness, and

complexity of indoor wireless localization systems, which is the goal of this Thesis.

During the course of the research to be conducted, we would provide estimation

and reconstruction analyses on the statistics of ranging error distributions, and then

refrain from pursuing positioning algorithms but rather present ranging and mutlitpoint

ranging techniques through the efficient collection of ranging information using genetic

techniques, with the adjustment of the techniques to provide high quality of distance

estimation. We will then pursue effective trilateration methods that allow results

and information typically restricted to the ranging problem, to inform positioning

algorithms, thereby conditioning results in light of knowledge extracted from ranging

information. Therefore in this thesis, we will bridge and inter-connect both ranging

and trilateration techniques, which results in efficient, robust, accurate, precise and

low-complex ranging and trilateration techniques for advanced indoor localization.

In the next sections, we take a close look at some popular traditional techniques for
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ranging as well as positioning algorithms. Therein, it is important to make a clear

distinction between – ranging, positioning and localization. Localization is a process

which entails both ranging (involves computing measured distances) and positioning

(involves estimating the geographic coordinates of sources in a network from the mutual

distances between devices).

1.3 Ranging Techniques for Wireless Localization

Typically, It is assumed that when a pair of devices mainly an anchor A and a target

T are able to communicate with one another, they can measure their mutual distance,

a process which is hereafter referred to as ranging.

In the years past, loads of research and promising work have been done in other to

accurately and precisely measure the distance between a pair of devices using their

wireless signals. Currently, three basic traditional ranging techniques exists which are

Received Signal Strength (RSS), Time of Arrival (ToA) and Phase-Difference of Arrival

(PDoA). In the following subsections, we describe these traditional techniques as well

as the difficulties and challenges encountered using the aforementioned techniques for

ranging.

1.3.1 Received Signal Strength-Based Ranging

A traditional technique for measuring the distance d between an anchor A and a target

T is by calculating the attenuation of the transmitted signal strength, which is often

referred to as received signal strength-based (RSS) or received signal strength Indicator-

based (RSSI) ranging. This technique is widely used in wireless localization for range

estimation as it requires no clock synchronization, while no expensive hardware is

needed due to it very low computational complexity.

The principle of the RSS ranging is based mainly on the relationship between the

transmitted power and received power of a signal which therefore transcribe into

measured distance d [12], detailed below as

Pr ∝ Pt − 10 γ log10(d) + S, (1.1)

where Pr is the received power of the signal measured at the target T , Pt is the

transmitted power of the signal sent at anchor A, γ is the signal path loss factor

which depends on the propagation environment and S is the large-scale fading which

is typically assumed as a zero-mean Gaussian random variable.
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Figure 1.1: GSM Link budget using the free space propagation model.
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Various empirical models have been proposed to model the propagation or attenuation

of transmitted signals [12]. One of such models is the free-space path loss model

which is applicable in scenarios where the distance to be measured is larger than both

the antenna size and carrier wavelength λ, and there must exist a clear Line-of-Sight

between the anchor and target. The corresponding Line-of-Sight link budget depicting

the attenuation of a transmitted signal due to propagation in free space is given as

10 log10 Pr(dB) = 10 log10 Pt(dB)− 20 log10(
4πd

λ
), (1.2)

where antenna gains at both the transmitter and receiver as well as the path loss factor

are taken to be one (1) while fading is assumed to be negligible. For illustration a

calculated link budget is shown in Figure 1.1 for a range of distances d = 1 − 100m

using a signal with a transmission power of 1W and wavelength of 0.125m.

Another popular model is the surface bidirectional reflectance model, this is quite

accurate in modeling the path loss due to propagation when used in urban pico and

micro-cellular environment [13]. A more widely used model is the Log-normal shadow

model due to its suitability for both indoor and outdoor environments. This is a

generalized propagation wireless channel model as it provides the option of different

parameters which makes this model configurable for specific sites, thereby making it

suitable for wireless environments [14].

Unfortunately, measured distances obtained using RSS-based methods are severely

affected by multipath fading and shadowing in both LOS and NLOS conditions and

most of the available path loss models do not always hold in indoor environments [14].

Also, from the experimental studies in [13, 14], it is said that RSS cannot be used

as a reliable and accurate ranging technique for indoor wireless localization as these

methods are highly inaccurate, very sensitive to the increase in distance d and easily

affected by channel instability and inconsistency, as a result they require a precise

channel propagation model which is almost impossible to achieve.

1.3.2 Time of Arrival-Based Ranging

Time of Arrival (ToA)-based ranging is another widely known traditional ranging

technique which is the time it takes for a signal to travel from the anchor A to the

target T , which is sometimes known as Time of Flight. It is a measure of the time for

a signal to travel from one location to another given by
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∆τ ,
d

c
, (1.3)

where c = 299792458m/s and d is the distance between the anchorA and target T . With

this ranging technique, various time difficulties and challenges such as clock offsets,

drifts and jitters resulting from clock errors and the lack of synchronization between

clocks at both the anchor and target and their effects on the measured time of arrival

are illustrated in Figure 1.2.

There exist three commonly known ToA-based ranging techniques to have been

proposed to solve the above clock challenges which are the One-Way ToA, Two-Way

ToA and Differential ToA. The three different techniques ToA will be briefly explained

here, while the Two-Way ToA will be described and utilized in Chapters 3 and 4 for

illustration purposes.

The One-Way ToA is the simplest form of ToA as seen in Figure 1.3, where the time

of arrival ∆τ = τ2 − τ1 is simply the time difference of the signal at A and T . In

this technique, it is difficult to achieve accurate measured distance as the effects of

a synchronization error could be quite devastating, where a clock offset of 1µs could

lead to a distance error of about 299.79m. Also, this method of ToA ranging is as

well largely affected by clock jitters and drifts leading to poor and highly inaccurate

distance estimates.

For the Two-Way ToA Ranging shown in Figure 1.3, the round trip time τRT = 2∆τ+τT

between the anchor and target which includes a time delay of τT is measured using

a single packet exchange between A and T , where the time of arrival is computed

as ∆τ =
((τ4−τ1)−τ

T
)

2 . The effects of synchronization errors such as clock offset are

mitigated using Two-Way Ranging but measured distances can still be affected by

relative clock drift between A and T , clock jitters and inaccuracies, and arbitrary time

delay τT at T . Some of these effects are mitigated using a variant of the Two-Way ToA

Ranging known as the Differential Two-Way ToA Ranging.

For the Differential Two-Way ToA Ranging in Figure 1.3, the Two-Way ranging

procedure is performed with a double packet exchange between A and T using a

time delays of τT and 2τT at T and the time of arrival is thereby obtained as

∆τ = τ4 − τ1 − (τ ′4 − τ ′1)/2. Here, the effects of clock drift and arbitrary time delays

are solved, which becomes negligible but unfortunately, this technique does not solve

the effect of clock jitters.
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In the literature [15,16], numerous state of art ToA-based ranging techniques have been

proposed to mitigate against the various synchronization and clock effects encountered

when using Time of Arrival Ranging. Irrespective of the results of presented techniques,

ToA-based ranging stills suffers highly from multipath propagations and it is almost

impossible to obtain clean ToA measurements in indoor environments, which results

from the lack of LOS signals leading to inaccurate measured distances.

1.3.3 Phase-Difference of Arrival-Based Ranging

Phase-Difference of Arrival (PDoA)-based ranging is a traditional technique, which

came into popularity in the early 2000s, through the introduction of RFIDs, which

permitted consistent and intelligent signal processing for accurate distance estimation.

PDoA-based ranging originates from the same idea in CW dual-frequency techniques

utilized for distance estimation in radar systems [17–19].

In PDoA, a continuous wave signal is transmitted and received through an active

reflector at a particular frequency. If operated at two frequencies f1 and f2, the observed

phase difference (ϕ2−ϕ1) of the CW signal at these two frequencies is used to estimate

the distance between the transmitter – anchor A and active reflector – target T as

d =
c∆ϕ

4π∆f
=

c(ϕ2 − ϕ1)

4π(f2 − f1)
. (1.4)

For illustration, the PDoA-based ranging is explained in more details in Chapter 4.

The PDoA ranging technique is a much more improved ranging procedure compared to

RSS-based and ToA-based ranging techniques and does not suffer severely in NLOS

conditions due to multipath propagations. Also, this technique requires no clock

synchronization or special hardware for measuring the phases. Regrettably, due to the

dual-frequency scheme, the maximum possible distance that can be measured using

PDoA for distance estimation is dmax = c
2∆fmin

.

Irrespective of the traditional ranging technique used for distance estimation, measured

distances obtained using the above schemes are still highly inaccurate and unreliable.

In order to address this problem, later in the thesis, we propose various high resolution

ranging techniques and algorithms for improving input measurements and obtaining

accurate and reliable distance estimates over both ToA and PDoA measurements.

In the next section, we provide description of the different classes of positioning

algorithms as well as the brief introduction of a few state-of-the-art algorithms in the

aforementioned classes of algorithms.
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1.4 Positioning Algorithms for Wireless Localization

In network localization, from the mutual distance obtained between devices, position

information of a specific source (source localization) or all sources (network localization)

in the network could be known. This position information (geographical or relative

coordinates) of sources could be determined through an estimation algorithm, a process

commonly known as positioning.

The devices in a positioning system are categorically divided into two forms which

are anchors and targets. Anchors are devices which have a priori knowledge of their

position, also called reference devices, while targets are devices which have no knowledge

of their location which are to be estimated, also referred to as sources. In most systems,

anchors are bigger devices which can be access points or wireless routers in a WLAN,

base stations in mobile networks or devices with a GPS technology in them. On the

other hand, targets are mostly small and portable devices such as mobile tags, mobile

phones, smart watches etc.

As it is known, the focus of positioning algorithms is to estimate the position of

unknown targets. As a result, on this subject, if the targets can only communicate

with and obtain information from anchors only in the network, this kind of positioning

is called non-cooperative positioning. Also, if targets can communicate with and obtain

information from anchors as well as other targets, this scheme is called cooperative

positioning.

Estimating the location of a target either by cooperative or non-cooperative positioning

can be achieved by using distributed or centralized system of algorithms. Distributed

algorithms, which are very much more popular in wireless sensor networks due to

their scalability and low computational complexity, are highly inaccurate and much

more susceptible to errors in the wireless channels, therefore sub-optimum [20]. As a

contradiction, centralized algorithms are much more optimal, stable and accurate but

far more computationally complex than distributed algorithms. Therefore, the choice

between these systems of algorithms is usually related to the network scenarios therein

a trade-off between accuracy and complexity [21] is needed in selecting the system of

algorithms required in wireless networks.

Subsequently as part of the above problem and irrespective of the selected system of

algorithms, accuracy is therefore a big challenge for positioning schemes in wireless

localization mainly due to the inconsistency and sternness of the wireless propagation
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channel. For location coordinates to be estimated, positioning is required to be

performed on physical quantities such as angles, distances, etc. Wherein, the angle

between an anchor and a target can me measured using the Angle of Arrival (AoA) of

the upcoming signal, and the distance can be measured using the traditional ranging

techniques described in Section 1.3 – RSS, ToA and PDoA, which are all naturally

affected by noise and bias.

Depending on the obtained types of information, different positioning algorithms can

be constructed. Based on state-of-the-art algorithms, two main classes of positioning

algorithms exists, which are range-based and range-free algorithms. In this thesis, we

would only be considering range-based algorithms which are further divided into Angle

of Arrival-based and Distance-based algorithms.

1.4.1 Angle of Arrival-Based Positioning Algorithms

Angle of Arrival-based positioning algorithms are triangulation algorithms which de-

pend on the angle between the direction of propagation of an incident radio wave and

some fixed (reference) direction against which the angles are to be measured, known

as an orientation [22]. This localization algorithm has been widely investigated with

success in the literature, thereby resulting in different closed-form and iterative solutions

such as the Least Square (LS) [23], the probabilistic [22] and the iterative Constrained

Total Least Square (CTLS) [24] for estimating the location of a single target.

For instance, the CTLS solution for a single target location θ(θ̂) is given as

θ(θ̂) = (PTG−2
θ P)−1PTG−2

θ q, (1.5)

with

P ,


sin θ1 − cos θ1

...
...

sin θNa − cos θNa

 and q ,


x1 sin θ1 − y1 cos θ1

...

xNa sin θNa − yNa cos θNa

 , (1.6)

where Gθ = xrG1 + yrG2 − G3 with G1 = diag(cos θ1, · · · , cos θNa), G2 =

diag(sin θ1, · · · , sin θNa) and G3 = diag(x1 cos θ1+y1 sin θ1, · · · , xNa cos θNa+yNa sin θNa),

θi = arctan( yr−yixr−xi ) are the AoA between the direction of the incident radio wave from

the anchors i = {1, 2, · · · , Na} and the reference point θr = [xr, yr] and Na is the

number of anchors.
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For generalized network localization a solution was presented in [25] using multi-

triangulation, which is a far more difficult approach as a large number of unknown

variables are involved due to estimating the position of multiple targets simultaneously,

thereby requiring a more complex optimization procedure. In this technique, the AoA-

based localization problem is transformed into a distance-based localization problem

by manipulating the angular properties of an encircled triangle.

1.4.2 Distance-Based Positioning Algorithms

This class of positioning algorithms are currently the algorithms with the widest interest

in the literature mostly due to their ability to achieve high accuracy and as well

their easy implementation and applicability. These refers to algorithms which require

distances obtained from range measurements such as RSS, ToA and PDoA between

targets and anchors to estimate the unknown positions of targets.

One of the commonly known and researched distance-based methods are the direct non-

Bayesian positioning algorithms which are further divided into exact and approximate

solutions. The exact solutions provide an accurate estimate of targets when there exist

no error in the distance measurements, therefore suboptimal as they assume error-free

measurements, while the approximate methods provide a coarse estimate of the target

in the above mentioned condition.

The general focus of most direct non-Bayesian algorithms is to directly provide a

solution to the source or network localization problems (a direct estimation of the

target’s coordinates). Therefore, for a given set of measured distances d̃ij from a target

to anchors and other targets, these methods conform their parameters to the model

been utilized in such a way that the error (distance) between the measured distances

d̃ij and estimated distances d̂ij are minimized. This minimization is achieved using by

optimizing and exploiting the cost or objective function (convex or non-convex) used

in presenting the problem. As a result, formulations for direct estimation are based on

any of the methods below [26,27]:

a) minimization of different variants of the weighted least square (WLS) cost

function;
Θ̂LS , arg min

Θ

∑
i∈Θ

∑
j∈Φ

w2
ij(d̃ij − d̂ij)2 (1.7)

b) maximization of the likelihood function;

Θ̂ML , arg max
Θ

L(d̃|Θ) (1.8)
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Though LS methods do not seem to assume any a priori knowledge of the statistics of

the ranging error affecting the measured distances, these estimation methods are quite

suboptimal compared to the maximum likelihood (ML) estimation. Nevertheless, both

the ML and the LS techniques have been proven to be the same under the condition

where the ranging error is an additive zero mean Gaussian noise. Also, it is quite

necessary to note that the likelihood function and statistics of the measured distances

are required to be known a priori in order to perform a ML estimation. Therefore, a

large number of measure distances are required to approximate the above observations,

which may not be achievable in practical scenarios, as a result the LS approaches are

much more favored for target localization than ML approaches. Quickly, we provide

brief description of a few positioning algorithms based on WLS minimization and also,

a positive semidefinite kernel matrix, which would be used for performance evaluation

in later parts of this thesis.

In [28], a new positioning algorithm referred to as the super multidimensional scaling

(SMDS) was formulated, which is an continuation of the classic multidimensional

scaling (MDS) [29, 30]. This formulation allows the utilization of both angle and

distance ranging measurements which algebraically processed for the simultaneously

localization of multiple targets, and also leads to the simplification of the positive

semi-definite Gram Kernel matrix’s structure, which is at the centre of the classic

MDS. Results demonstrate a better performance of the super MDS algorithm when

compared against the classic MDS.

In [31], different exact and approximate solutions of target localization problems using

least square techniques were presented for the locating a target from range (R-LS) and

range-difference (RD-LS) measurements collected from a set of anchors to the target.

Also, LS solutions based on squared range (SR-LS) and squared range-difference (SRD-

LS) were provided. Simulations show that the exact SR-LS and SRD-LS solutions

outperform approximate solutions of R-LS, RD-LS, SR-LS and SRD-LS.

Finally in [33], a Geometry-Assisted Location Estimation algorithm was presented to

estimate the location of targets, mostly under NLOS conditions. The algorithm is

based on incorporating the geometric knowledge acquired from the anchor layout with

the measured distances into the traditional two-step LS algorithm [34]. The target

position is computed by bounding its approximation based on the signal variations and

the geometrical arrangement between the targets and the anchors. Results indicate

that this method outperforms the TS-LS method and it is reasonably robust in NLOS

conditions.
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Figure 1.4: Intersection of measured distances with/without ranging errors.
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1.5 Mitigation and Optimization Methods

Different error mitigation and optimization techniques have been presented for the min-

imization of the WLS cost function, so as to improve the accuracy of target estimates

mostly due to ranging measurements been obtained in NLOS conditions. Therefore, we

explore briefly some of the various effective error mitigation and optimization techniques

currently in the literature.

1.5.1 Weighting Methods

Weighting Techniques are methods which allow adjustments to influence the optimiza-

tion procedure (minimization) of the WLS objective function by highlighting differently

the sizes of the terms (d̃ij − d̂ij), where larger weights are assigned to the terms

which desire the satisfaction of of stricter requirements thereby leading to improved

and suitable solutions.

Various weighting techniques have been presented to influence differently the terms of

the WLS objective function. In [30, 35], the weight is computed as the inverse of the

noise variance w2
ij = 1

σ2
ij

which is related to the ML estimation assuming the ranging

error is a zero-mean Gaussian random variable with variance σ2
ij but could also lead

to inaccurate results, if the distribution of the ranging error is not Gaussian or the

error variance is wrongly computed. Also, weights have been proposed as the inverse

of the square of the measured distance w2
ij = 1

d̃2
ij

, which is quite very reasonable as

it is assumed ranging errors increase with measured distances and helps in mitigating

against such errors. In [36], dispersive and penalty weighting strategies for network

localization were proposed based on the reliability of ranging measurements and on the

possibility of handling NLOS conditions as well.

1.5.2 Gradient Methods

Gradient methods are based on the derivative of the WLS objective function on the

knowledge that the objective function is defined and differentiable. For example,

gradient descent methods calculate the directional derivative (Gateaux derivative) of

the objective function to be minimized to determine its route of convergence. Though,

the rate of convergence of gradient descent methods is relatively slow, nevertheless, its

accuracy could be improved by taking multiple iterations, if the curvature in various

directions are different for the objective function [26]. These methods can are sometimes



Chapter 1: Introduction and Review 17

utilized with a line search in other to determine the optimal descent step size for each

iteration, though regrettably with high computation cost. Newton methods with an

inversion of the Hessian Matrix at each descent step which converge faster are also used

as a better alternative but as well lead to an increase in computational cost [30,35].

1.5.3 Majorizing Methods

Another alternative to the above optimization technique is the widely known Scaling

by Majoring a Complicated Function (SMACOF) which is part of the various multi-

dimensional scaling techniques [30]. In this technique, the algorithm attempts to find

the minimum of the complex non-convex WLS objective function which it is referred

to as a stress function with an iterative majorization scheme and as well tracking the

global minimum of the majorizing function using a set of dissimilarity measures [30].

Iterative Majorization is a technique which generates monotone decreasing or equal

series of stress function values by replacing iteratively the stress function by a majoriz-

ing (quadratic function) which must meet the following conditions: a) the majorizing

function must be simpler to minimize than the stress function, b) the stress function

must be smaller than or equal to the majorizing function, c) the majorizing function

must touch the surface of the original function at a so-called supporting point where

they are both equal to one another. Finally, the minimization of the majorizing function

is achieved in closed-form using a Moore-Penrose inverse and Guttman transform [37].

A distance smoothing SMACOF algorithm was presented in [38], which generates

monotone non-increasing sequences of stress function values without requiring a step-

size procedure by replacing the absolute values |θi−φ| in the estimated distances d̂ij by

an huber function hε(θi−φ), thereby creating a distance smoothing stress function with

a smoothing parameter ε to replace the original stress function in SMACOF. Another

recently proposed variant of the algorithm is the Circular-based Interval SMACOF

(CIS or ISCAL), which is achieved by modifying the WLS stress function used in

SMACOF [39,40] while including a confidence region for the estimated target location.

In addition to the above described methods, other optimization and mitigation tech-

niques that can be used for the minimization of the WLS objective function are the

conjugate gradient and trust-region methods, simplex and interior-points methods,

sequential quadratic programming, semi-definite programming etc.
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1.6 Cramèr-Rao Lower Bound for Wireless Localization

Estimating the error limit on both ranging and localization associated with each target

is a fundamental problem in wireless localization. In literature to this regards, the

most widely and commonly used tool in statistical signal processing for estimating

such fundamental limit is the Cramèr-Rao Lower Bound (CRLB) [41–43].

The CRLB is very popular in wireless localization as it is used in evaluating the

accuracy of ranging and positioning algorithms, thereby ascertaining the minimum

possible distance and location errors that can be achieved for a given network topology.

Inadvertently, the CRLB relies on having a priori the knowledge of the true target

location as well as the distribution and statistics of the ranging errors in the wireless

network.

For example, considering a network of N nodes with η = 2 dimensional coordinate

vectors denoted by θi = [θi:x, θi:y], for 1 ≤ i ≤ N . The location of a small

fraction of N known as anchors (a-priori known location) with coordinates [θ1, · · · ,θNa ]

and the remaining nodes known as the targets (unknown location) with coordinates

[θNa+1 , · · · ,θN=Na+Nt ]. The Euclidean distance dij , ‖θi − θj‖ =
√
〈θi − θj ,θi − θj〉

is the true distance between the i-th and j-th nodes and the corresponding measured

distance d̃ij = dij +nij is subject to ranging errors where nij is modeled as a Gaussian

random variable N (0, σ2
ij).

Let θ̂ be an estimate of the vector parameter θ and E[θ̂] as the expected value of θ̂.

As a member of the family of the deterministic lower bounds in estimation theory, the

CRLB, originating from the mean square error (MSE)

MSE(θ̂) = E

[
(θ̂ − θ)T(θ̂ − θ)

]
= var(θ̂) + (Bias(θ̂,θ))2, (1.9)

indicates a lower bound on the variance or covariance of unbiased estimator var(θ̂)

(Bias(θ̂,θ) = 0), thereby achieving full efficiency and the lowest possible MSE, this is

sometimes referred to as the minimum variance unbiased estimator.

1.6.1 Cramèr-Rao Lower Bound for Ranging (Distances)

For a single distance measurement d̃ij from a target θi to an anchor θj , which is

distributed according to the probability density function f(θi|dij) ∼ N (dij , σ
2
ij). The
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associated likelihood function L(θi|dij) is given as

L(θi|dij) ,
1√

2πσ2
ij

exp

(
−(d̃ij − dij)2

2σ2
ij

)
. (1.10)

As a result, the Fisher Information J is computed as

J , −E
[
∂2 lnL(θi|dij)

∂θ2
i

]
=

1

σ2
ij

. (1.11)

Therefore, the CRLB ε̄ is obtained as ε̄ = J−1

1.6.2 Cramèr-Rao Lower Bound for Positioning (Location)

For a target θi specific approach which is to be estimated from a Na distances di

and distributed according to some probability density function f(θi|di), the associated

likelihood function is given as

L(θi|di) ,
Na∏
j=1

1√
2πσ2

ij

exp

(
−(dij − d̃ij)2

2σ2
ij

)
(1.12)

The CRLB relates the covariance matrix Ωθ to the Fisher Information Matrix J as

Ωθ � J−1. (1.13)

Therein, the Fisher Information Matrix J is given as

J , −E
[
∂2 lnL(θi|di)

∂θ2
i

]
=

[
Jθi:xx Jθi:xy

Jθi:xy Jθi:yy

]
, (1.14)

where

Jθi:xx =

Na∑
j=1

(
(θix − θjx)2

σ2
ijd

2
ij

)
, Jθi:yy =

Na∑
j=1

(
(θiy − θjy)2

σ2
ijd

2
ij

)
,

Jθi:xy =

Na∑
j=1

(
(θix − θjx)(θiy − θjy)

σ2
ijd

2
ij

)

Therefore, the CRLB ε̄ is obtained as ε̄ = Tr{J−1}.
As mentioned earlier, the ranging and positioning problems are inter-connected as

they are both governed by the same likelihood function given be the product of the

ranging error distributions. Therefore, in this thesis, we seek to present ranging and
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trilateration techniques so as to enable accurate target localization while considering

both fundamental localization problems as the same as depicted by their likelihood

function rather than as separate entities as it is mostly done in the current literature.

1.7 Performance Evaluation of the SOTA Algorithms

In this section, we then to evaluate the performance of some described positioning and

optimization techniques against the corresponding CRLB obtained from Subsection

1.6.2 with simulation analyses. In this regard, we consider the performance of these

methods for both Line-of-Sight (LOS) and Non-Line-of-Sight (NLOS) conditions. To

evaluate each technique, we calculate their corresponding average position error, which

is the average Root Mean Square Error (RMSE) of the target position estimate

ε̄k ,
1

M ·Nt

√√√√ M∑
m=1

‖Θ̂(m)
k −Θ‖2F, (1.15)

where Θ̂
(m)
k corresponds to the targets position estimates computed for a specific k

out of K algorithm in its m out of M measurements used for simulations. This will

be evaluated as a function of the error standard deviation σ for LOS and maximum

possible bias bmax for NLOS conditions.

For simulations, we consider a network of Na = 4 anchors forming a square topology

which are 14m away from one another and Nt = 6 targets which are randomly

distributed inside the convex hull of the anchors1. Also, all anchors and targets

communicate with one another to obtain distance measurements. In LOS conditions,

the ranging errors are modeled as Gaussian random variables with zero-mean and

variance σ2.

For comparison, we evaluated the RMSE computed with the MDS in [30], the SR-LS

algorithm in [31], the residual reweighting Linear LS algorithm in [29], the improve

Two-Step Least Square (TS-LS) methods in [34,44], the SMACOF algorithm in [38] is

initialized with the solution of the MDS, the ISCAL algorithm in [39] and the SMDS

algorithm in [28] are both initialized with the solution of a Centroid Min-Max algorithm,

and all algorithms are compared against the CRLB.

1This scenario is common in indoor localization as well as in cellular and mobile networks.
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Figure 1.5: Comparison of the SOTA algorithms in LOS and NLOS channel conditions.
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The performance evaluation in Figure 1.5(a) shows that the MDS algorithm produces

poor results, therefore depicting its inefficiency to act as an accurate algorithm for target

localization even in LOS conditions, where it achieves decent result when the noise

standard deviation σ < 0.3. The SR-LS, LLS and TS-LS1 have similar performances

as well as the SMACOF and ISCAL, where they all produce decent RMSE across all

standard deviation. From the RMSE of the compared algorithms, the RMSE of the

SMDS is the closest to the CRLB and therefore the most accurate algorithm among

those compared for target localization in LOS conditions. As seen in Figure 1.5(a), the

SMDS is quite robust to high noise variance in LOS conditions which is not the same

for other algorithms.

For NLOS conditions, the ranging error added to the distance was modeled as the

sum of a Gaussian random variable with a zero-mean and variance σ = 0.3 and a

positive maximum possible bias resulting from a uniform random variable between

[0, bmax]. In this simulation, the GLE algorithm in [33], SMACOF, ISCAL and SMDS

algorithms were compared against each other. Results in Figure 1.5(b) show that the

GLE, SMACOF and ISCAL all have similar RMSE and performance which depicts an

average robustness, while the SMDS retains its accuracy even in NLOS conditions.

1.8 Outline and Thesis’s Contributions

In this thesis, we attempt to solve the problem of a mutually conditional ranging and

trilateration for indoor wireless location. We attempt a unification of the two problems –

ranging and trilateration, with the aim at improving the accuracy, precision, complexity,

and robustness of wireless localization systems, thereby presenting robust and accurate

ranging and positioning techniques. The chapters of the thesis are organized as follows.

In this Chapter, we motivated the thesis by providing a background knowledge on

wireless localization with its numerous available opportunities as well as describing the

open challenges which we attempt to solve. This is followed by providing an overview

on the state-of-art ranging and positioning techniques and a performance evaluation of

these techniques with one another and the fundamental limit bound CRLB.

In Chapter 2, we focus on error analysis by estimating and reconstructing the statistics

of the ranging error without a priori knowledge of the wireless channel. The common

Gaussian kernel method would be used for the reconstruction from samples and its cor-

responding error bounds will be derived. We seek to propose an Edgeworth Expansion
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method, to reconstruct from samples by exploiting the power of moment convergence.

The two methods will be compared against each other using two fundamental error

bounds so as to determine the more efficient technique which required less number of

samples to reach the same level of accuracy.

In Chapter 3, we propose a new accurate ranging algorithm, which combines superreso-

lution algorithms popularly used in finding the direction of arrival of sources in antenna

array systems such as MUSIC and Root MUSIC with the powerful mathematical notion

of a sparse ruler, to perform efficient and accurate Time of Arrival-based ranging. The

optimized solution will be compared against the naive unoptimized version in terms of

samples to be collected, and above all, their performances will be compared against the

fundamental limits depicted by the Cramèr-Rao Lower Bound.

In Chapter 4, we present an efficient and accurate solution to the multipoint rang-

ing problem, based on an adaptation of superresolution techniques, with optimized

sampling. Under a unified mathematical framework, we will construct a variation of

the MUSIC and Root MUSIC algorithm to perform distance estimation over sparse

sample sets determined by Golomb rulers. The design of the mutually orthogonal sets

of Golomb rulers required for multipoint ranging method will be implemented via a

proposed evolutionary genetic algorithm which would also be used to generate optimal

Golomb rulers. A Cramèr-Rao Lower Bound analysis of the optimized multipoint

ranging solution will be performed, to compare simulated results in other to quantify

the gains achievable with this technique.

In Chapter 5, we present results for applications in wireless localization utilizing

simulated and real time measurements. First, we present a ranging technique to obtain

multiple measured distances by applying superresolution techniques to different set of

measurements with an outliers detection technique and a new slope sampling algorithm

utilizing a peak search on a computed spectrum of the residues. These distances will

then be used in estimate the target position using the Super Multidimensional Scaling

(SMDS) algorithm which requires an initial target estimate obtained using two proposed

trilateration techniques (intersection of measured distances) in different localization

scenarios. Lastly in Chapter 6, we present the final conclusions for this thesis and

discuss future works to be done.



Chapter 2

Error Estimation Analysis

2.1 Introduction

Estimating the fundamental limit of localization error associated with each target node

is a fundamental problem within the Wireless Sensor Network (WSN) context. In

literature to this regards, the most widely used tools are the Cramèr-Rao Lower Bound

(CRLB) [41–43], describing the average estimation error (i.e. the distance between

the estimated and actual node location) and the Position Error Bound (PEB) [45],

depicting the region where the node should be estimated within a certain confidence.

CRLB and PEB both rely on having the knowledge of the true target location, distribu-

tion and statistics of the ranging errors a priori; which depends on various environmental

factors such that obtaining their formulation a priori is almost impossible.

The only practical solution is therefore to estimate this statistic directly on-site during

the network deployment, collecting samples from each link and then obtaining the limit

on localization error even before obtaining the target’s location estimates.

To this end, the well known maximum likelihood parametric approach is not applicable,

given the lack of a priori knowledge on the ranging error distribution and statistics.

A truly non-parametric approach for estimating the ranging error distribution and

statistics is therefore required; in particular the kernel method is very appreciated for

its capability to reconstruct empirical distributions from samples, and in particular its

Gaussian Kernel (GK) realization.

In this Chapter, a GK method to estimate on site the statistics of the ranging error

is first proposed and then rewriting both the CRLB (similar to the proposed method

24
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in [46]) and the PEB. It is shown that this technique anyway requires a large amount

of samples to reach a good level of accuracy, and consequently we introduce to the same

end the Edgeworth Expansion (EE) method. Its greater efficiency, with respect to the

GK method, is proved by the much lower number of samples needed to perform with

the same level of accuracy.

The other parts of this chapter are coordinated as follows: in Section 2.2 the mathe-

matical description of both the CRLB and PEB are provided and the description of the

ranging model later employed. Section 2.3 introduces the GK methods and illustrates

a revised mathematical formulation of the bounds on the localization error while the

EE, our new proposed method used to derive the statistic of the ranging error from

empirical samples, is described in turn in Section 2.4. Performance evaluation follows

in Section 2.5, while conclusions are presented in Section 2.6.

2.2 Preliminaries on Error Bound

2.2.1 System Model

Consider a network of N nodes in an η-dimensional Euclidean space, out of which

devices indexed 1, · · · , Nt have no knowledge of their location (henceforth targets),

while devices indexed Nt + 1, · · · , Nt +Na are anchors, i.e. reference devices of a priori

known location. For the sake of clarity, we shall hereafter scrutinize the case of when

η = 2, with the remark that the analysis to follow can be straightforwardly extended

to η > 2.

The localization problem consists of estimating the location of target nodes, given the

knowledge on the location of anchors, and a set of measures of distances amongst these

various devices, which are typically affected by errors [42].

To elaborate, let the position of the i-th device be denoted by (xi, yi), and let us append

the ordinates of all targets into the vector θx, and the corresponding abscises into the

vector θy, such that the target coordinate vector to be estimated can be described by

Θ , [θx,θy] = [x1 , · · · , xNt , y1 , · · · , yNt ]. (2.1)

Likewise, we describe the anchors’ coordinate vector by

Φ , [φx,φy] = [xNt+1 , · · · , xNt+Na , yNt+1 , · · · , yNt+Na ]. (2.2)
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It is assumed that when a pair of devices are able to communicate with one another,

they are able to measure their mutual distances, a process which is hereafter referred

to as ranging. Ranging measurements are, however, invariably affected by noise and

often not conducted over a LOS link between the devices. In such NLOS conditions,

an additional ranging error in the form of a positive deviation from the true distance

appears, which is referred to as bias. Under these assumptions, the ranging model

applicable to a pair of devices i-th and j-th is given by

d̃ij = dij + nij + bij =
√

(xi − xj)2 + (yi − yj)2 + vij , (2.3)

where rij is the estimated distance, dij is the true distance, nij is an additive white

Gaussian noise with a zero mean and variance σ2
ij , bij is the bias, and the so-called

residual noise vij models the ranging errors resulting from the noise and bias jointly.

Finally, it is assumed that not all pair-wise distances can be estimated, due to the

devices being out of range or have limited link capacity [47]. In order to account for

this frequent topological limitation, we define the neighborhood function as follows.

First, let us define the indicator operator eij , which takes value 1 if devices i and j are

connected, and 0 otherwise. Then, the neighborhood function associated with device i

is defined as the set of indexes j such that eij = 1, that is

H(i) , {j | eij = 1}. (2.4)

2.2.2 Standard Error Bound Formulations

In this subsection, we will clearly and briefly revise the formulation of the Fisher

information matrix J [43], which is the fundamental matrix to get both the CRLB

and the PEB, with the aim of clarifying the notation and steps to be employed in

the following Sections 2.3 and 2.4, where the new error bounds, according to Gaussian

Kernel (GK) [46] and Edgeworth Expansion (EE) (proposed) [48], will be discussed.

Let d̃ be the range measurements vector denoted by

d̃ ,
{
eij · d̃ij

}
, (2.5)

where i, j = 1 . . . N for i 6= j.

Let θ̂ be an estimate of the vector parameter θ and E[θ̂] as the expected value of θ̂.
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The CRLB matrix relates to the Fisher information matrix J [43] as

E

[
(θ̂ − θ)(θ̂ − θ)T

]
� J−1. (2.6)

The Fisher information matrix J is accordingly given as

J , E

∂ ln f(d̃|θ)

∂θ

(
∂ ln f(d̃|θ)

∂θ

)T . (2.7)

The log of the joint conditional Probability Density Function (PDF) is

ln f(d̃|θ) =

N∑
i=1

∑
j∈H(i)
j<i

lij , (2.8)

where

lij = ln f
(
d̃ij |(xi, yi, xj , yj)

)
. (2.9)

Substituting equation (2.9) in (2.8) and as well in equation (2.7), the FIM is given

as [47]

J ,

[
Jxx Jxy

Jxy Jyy

]
, (2.10)

where

[Jxx]kl =


∑

j∈H(k)

E

[(
∂lkj
∂xk

)2
]

k = l

ekl E

[
∂lkl
∂xk

∂lkl
∂xl

]
k 6= l

[Jxy]kl =


∑

j∈H(k)

E

[
∂lkj
∂xk

∂lkj
∂yk

]
k = l

ekl E

[
∂lkl
∂xk

∂lkl
∂yl

]
k 6= l

[Jyy]kl =


∑

j∈H(k)

E

[(
∂lkj
∂yk

)2
]

k = l

ekl E

[
∂lkl
∂yk

∂lkl
∂yl

]
k 6= l ,

(2.11)

and k, l = 1 . . . n are the blindfolded devices. Note that Jxx,Jyy,Jxy, and J are of sizes

n× n and 2n× 2n, respectively.
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2.2.3 Modeling Range Measurements

The statistics of range measurements - adopting a very general and widely recognised

choice in literature [49] - has been modeled as a Nakagami Distribution (ND). The

PDF of the residual noise vij , to be used in the following subsections to evaluate the

performance of both the GK and EE methods, will therefore be

fvij (vij) =
2m

mij
ij

Γ(mij)Ω
mij
ij

v
2mij−1
ij exp

(
−mij

Ωij
v2
ij

)
, (2.12)

where mij and Ωij are the shape and controlling spread parameters of the ND.

2.2.4 Bounds Derivation using Nakagami Distributions

Given the new PDF of the ranging model, it is now possible to get a revised formula

of the Fisher information matrix. Taking the natural logarithm of equation (2.12) and

substituting the result into
∂lkl
∂xk

,
∂lkl
∂yk

,
∂lkl
∂xl

and
∂lkl
∂yl

yields

∂lkl
∂xk

=
xk − xl
dkl

(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)
,

∂lkl
∂yk

=
yk − yl
dkl

(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)
,

∂lkl
∂xl

= −xk − xl
dkl

(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)
,

∂lkl
∂yl

= −yk − yl
dkl

(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)
, (2.13)

and therefore

[Jxx]kl =


∑

j∈H(k)

Akj
(xk − xj)2

d2
kj

k = l

ekl Akl
(xk − xl)2

d2
kl

k 6= l

[Jxy]kl =


∑

j∈H(k)

Akj
(xk − xj)(yk − yj)

d2
kj

k = l

ekl Akl
(xk − xj)(yk − yj)

d2
kl

k 6= l
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[Jyy]kl =


∑

j∈H(k)

Akj
(yk − yj)2

d2
kj

k = l

ekl Akl
(yk − yl)2

d2
kl

k 6= l ,

(2.14)

where

Akl = E

[(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)2
]

=

∫ ∞
−∞

(
2mklvkl

Ωkl
− 2mkl − 1

vkl

)2

fvkl(vkl)dvkl . (2.15)

2.2.5 Generality of the Nakagami Model

The aim of this subsection is to further demonstrate the generality of the choice of ND,

even for LOS scenarios. First, we will derive the Kullback-Leibler Divergence (KLD)

of Gaussian distribution (typical of AWGN ranging error) and ND (better describing

NLOS environments), showing that the latter is just a shifted version of the former, as

the median of the distribution increases from zero. The second step is then to express

the residual noise, modeled using ND fvij (vij ;mij ,Ωij), as a functions of both the bias

and Gaussian error. Even in on-field measurements, it is not possible to evaluate their

respective impacts to the total ranging error, it is convenient for theoretical purposes

to treat them as separate parameters of the same distribution. The most immediate

effect is to show that when the bias tends to zero, these error model - ND converges to

a Gaussian distribution as seen in their KLD.

From the PDFs of Gaussian and NDs, we have

p(x) =
1√
2πσ

e−
(x−µ)2

2σ2 ,

q(x) =
2mm

Γ(m)Ωm
x2m−1e−

m
Ω
x2

; x > 0 , (2.16)

then their KLD is given as

KL(q ‖ p) =

∫ ∞
−∞

q(x) log q(x)dx−
∫ ∞
−∞

q(x) log p(x)dx

= H (q(x))−H (q(x), p(x)) . (2.17)
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The entropy of the ND [50] is given as

H (q(x)) =

∫ ∞
−∞

q(x) log q(x)dx (2.18)

= log

(
Γ(m)

√
Ω

2
√
m

)
−
(

2m− 1

2

)
ψ(m) +m,

where ψ(m) is the Digamma function.

The cross entropy between the Gaussian and NDs [51,52] is given as

H (q(x), p(x)) =

∫ ∞
−∞

q(x) log p(x)dx (2.19)

=
1

2
log(2πσ2) +

µ2

2σ2
+

mm

σ2Γ(m)Ωm

 Γ(m+ 1)

2
(m

Ω

)m+1 −
µΓ(m+ 1/2)(m

Ω

)m+1/2

 .

This divergency is highlighted by Figure 2.1, where the KLD of Gaussian distribution

and ND, which is relatively the same for any standard deviation σ, decreases rapidly

as the median of the distribution µ/σ increases from zero.

Then, let us define a function Naka(dij + bij , σ) for obtaining the parameters (mij ,Ωij)

of the residual noise vij , where σ2 is the variance of the residual noise which is constant

across the network space. The controlling spread parameter of the ND is defined as

Ωij = (dij + bij)
2 (2.20)

where the median of the distribution is
√

Ωij .

The shape parameter can be obtained from its variance using [53]

Ωij

(
1− 1

mij

(
Γ(mij + 1/2)

Γ(mij)

)2
)

= σ2

1

mij

(
Γ(mij + 1/2)

Γ(mij)

)2

= 1− σ2

Ωij
. (2.21)

From [54], an asymptotic series used in probability theory is given as

Γ(mij + 1/2)

Γ(mij)
=
√
mij

[
1− 1

8mij
+

1

128m2
ij

+ . . .

]
. (2.22)
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Substituting equation (2.22) in (2.21), we have

1− 1

8mij
+

1

128m2
ij

≈ c, (2.23)

where

c ≈
√

1− σ2

Ωij
. (2.24)

Therefore, the shape parameter of the ND is

mij ≈
1 +
√

2c− 1

16(1− c) . (2.25)

2.3 Error Estimation via Gaussian Kernel

In [46], an error bound formulation was derived using a Gaussian Kernel (GK) method

to model the PDF of the bias bij . This was done to allow the ranging errors due to

Gaussian noise nij and bias bij to be modeled separately and independently. In this

Chapter, we modify the work in [46] to enable the noise and bias to be modeled jointly

as the residual noise vij , due to the inseperability of LOS noise from NLOS bias in a

wireless environment.

2.3.1 Error Distribution Reconstruction

The PDF of the residual noise vij is firstly created from samples. This is, of course,

an approximation of the true distribution by building a sum of kernels (exponentially

decaying function) of each collected samples, whose accuracy depends on the number

P of samples collected. Having defined Svijq as the q-th sample over the link between

the i-th and j-th nodes, the non-parametric GK method can estimate the PDF of the

residual noise using

fvij (vij) =
1√

2πPhij

P∑
q=1

exp

(
−(vij − Svijq)2

2h2
ij

)
, (2.26)

where exp(−) is the Gaussian kernel exponential function and the smoothing constant

hij is the width of this Gaussian kernel function given as 1.06σsP
−1/5 (σs is the sample

standard deviation of the residual noise).
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2.3.2 Bounds Derivation using Gaussian Kernel

Following the same approach as in Subsection 2.2.4, the natural logarithm of equation

(2.26) can be substituted into
∂lkl
∂xk

,
∂lkl
∂yk

,
∂lkl
∂xl

and
∂lkl
∂yl

obtaining

∂lkl
∂xk

=
xk − xl
dkl

gkl(vkl)

fvkl(vkl)
,

∂lkl
∂yk

=
yk − yl
dkl

gkl(vij)

fvkl(vkl)
,

∂lkl
∂xl

= −xk − xl
dkl

gkl(vij)

fvkl(vkl)
,

∂lkl
∂yl

= −yk − yl
dkl

gkl(vkl)

fvkl(vkl)
, (2.27)

where

gkl(vkl) =
1√

2πPhij

P∑
t=1

exp

(
−(vkl − Sbklt)2

2h2
kl

)
vkl − Sbklt

h2
kl

. (2.28)

and the element of the FIM are the same as in equation (2.14) with the only exception

of:

Akl = E

[(
gkl(vkl)

fvij (vkl)

)2
]

=

∫ ∞
−∞

gkl(vkl)
2

fvkl(vkl)
dvkl. (2.29)

The FIM computed as above is still valid in LOS environment. In this case, Akl is given

as:

Akl =


1

σ2
kl

kl ∈ LOS∫ ∞
−∞

gkl(vkl)
2

fvkl(vkl)
dvkl. kl ∈ NLOS.

(2.30)

where kl ∈ LOS and kl ∈ NLOS represent that propagation paths between devices k

and l are LOS and NLOS paths, respectively.

2.4 Error Estimation via Edgeworth Expansion

The error estimation method presented in the previous section, although robust, is

limited by the large amount of samples required to get a decent accuracy. In the

following, we introduce a more efficient and general method, based on the EE, with
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two pratical advantages: a much lower number of required samples and the possibility to

jointly model both the Gaussian noise and the bias. While the importance of reducing

the dependence from the number of samples is self-evident, it is also fundamental

to remark that, in practical wireless channels, bias and Gaussian errors cannot be

separated from one another.

First we describe the process of reconstructing the error distribution from samples, then

we prove the convergence of sample moments proving a clear improvement, in terms of

efficiency with respect to the GK method, and finally we derive the new formulation of

PEB and CRLB.

2.4.1 Error Distribution Reconstruction

The Edgeworth Expansion as an improvement on the Central Limit Theorem (CLT) is

a true asymptotic series or expansion of the PDF of a normalized variable x̂ = (x−µ)/σ

in the powers of the mean µ. As a true asymptotic expansion,it is a formal series of

functions that has the attribute of been able to truncate a series after some specific

finite number of terms, which is therefore sufficient enough to provide an accurate

approximation or estimation to this given function, wherein the approximation error is

controlled [48].

The EE as a non-parametric estimator can be used for approximating the PDF of given

error measurements from their sample moments αw [48]. The EE is given as

f(x) = N (µ, σ2)

1 +

∞∑
s=1

σs
∑
{kw}

Hes+2r(x̂)
s∏

w=1

1

kw!

(
Sw+2

(w + 2)!

)kw, (2.31)

where, N (µ, σ2) is the PDF of a Gaussian distribution with mean µ and variance σ2,

Sw+2 =
κw+2

κw+1
2

, κw are the cumulants obtained from the sample moments αw as

κs = s!
∑
{kw}

(−1)(r−1)(r − 1)!
s∏

w=1

1

kw!

(αw
w!

)kw
. (2.32)

The set {kw} consists of all non-negative integer solutions of the Diophantine set of

equations s = k1 + 2k2 + · · ·+ sks and r = k1 + k2 + · · ·+ ks. The Chebyshev-Hermite
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polynomial Hen(x̂) is given as

Hes(x̂) = s!

s/2∑
k=0

(−1)kx̂s−2k

k!(s− 2k)!2k
. (2.33)

The mean and variance of the given error measurements are µ = α1 and σ2 = κ2,

respectively.

The sample moments from the given error measurements are

αw = 1/n

n∑
i=1

Xi
w, (2.34)

where Xi are the measurement errors and w = 1, 2, . . . are the orders of the moment.

To determine the number of orders of moment αw required to approximate a given

sample, the standard error s of the samples is calculated using σ2
s/
√
P , where s must

be ≤ 0.3, for each order w.

The EE is directly used to model the residual noise vij . Hence, the estimated PDF of

the residual noise fvij (vij) is given as

fvij (vij) =
1√

2πσ2
ij

exp

(
−(vij − µ)2

2σ2
ij

)1 +

∞∑
s=1

σs
∑
{kw}

AsHes+2r(x̂)

 , (2.35)

where As =
s∏

w=1

1

kw!

(
Sw+2

(w + 2)!

)kw
and vij = rij − dij .

2.4.2 Convergence of Sample Moments and Efficiency over Gaussian

Kernel Method

To prove the efficiency and effectiveness of the EE method, it is first necessary to show

the convergence of sample moments as P increases (using the ND as in Section 2.2) [55],

then to compare its efficiency over the GK method.

In Figure 2.2, the true moments γw of a ND (m = 1,Ω = 1) is compared with sample

moments αw from Nakagami distributed random variables [55] using different number

of samples, for moment orders w = 1, . . . , 4. The error êw contained in the sample

moments is calculated using the absolute value of (αw − γw)/γw.
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In Figure 2.3, we plotted the KLDs of the PDFs reconstructed with the two methods

(GK and EE) with respect to the theoretical Nakagami PDF. For KLD=0.01, our EE

method requires less than 300 samples, while the GK needs approximately 500 samples.

This delta increases even more for lower level of divergency: to reach a KLD=0.0075,

the GK method needs almost twice the number of samples (800 vs 400) than the

EE method. As a result, the EE method is good selection for reconstructing error

distribution from samples.

2.4.3 Bounds Derivation using Edgeworth Expansion

Given the formulation of the reconstructed PDF of the residual error in equation (2.35),

the creation of the FIM is quite similar to the GK method: by taking its natural

logarithm and substituting it into
∂lkl
∂xk

,
∂lkl
∂yk

,
∂lkl
∂xl

and
∂lkl
∂yl

yields

∂lkl
∂xk

=
xk − xl
dkl

(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)
,

∂lkl
∂yk

=
yk − yl
dkl

(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)
,

∂lkl
∂xl

= −xk − xl
dkl

(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)
,

∂lkl
∂yl

= −yk − yl
dkl

(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)
, (2.36)

where

gkl(vkl) =
1√

2πσ2
ij

exp

(
−(vij − µ)2

2σ2
ij

) ∞∑
s=1

σs
∑
{km}

(s+ 2r)AsHes+2r−1(x̂). (2.37)

The element of the FIM are the same as in equation (2.14) with the only exception of:

Akl = E

[(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)2
]

=

∫ ∞
−∞

(
vkl − µ
σ2
kl

− gkl(vkl)

σklfvkl(vkl)

)2

fvkl(vkl)dvkl. (2.38)
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2.5 Performance Evaluation

Beyond the theoretical analysis of the previous sections, stating that the EE methods

can reconstruct the statistics of the ranging error, using Nakagami Distribution, with

less number of samples or with more accuracy with respect to the GK method, we now

consider some network realization to better evaluate the performances of these two

methods. To this end, we employ a region of 14m× 14m where three (an = 3) anchors

are placed at corners to form a triangle and three (n = 3) blindfolded devices (targets),

not connected together, are randomly placed in this region.

From the FIM two types of error bounds are derived to evaluate the performance of

the estimators: the CRLB and the PEB. The average CRLB, given this network

realization, can be computed as

ε̄ =
1

n
Tr{J−1}, (2.39)

while the PEB is graphically represented by the 95% Fisher Ellipse (Confidence Interval

Ci = 0.95), whose mathematical formulation is explained.

The Fisher Ellipse parameters of the i-th target θi are obtained directly from its

covariance matrix Ωθi , which includes the error variance σ2
i:x and σ2

i:y on the “x” and

“y” dimensions, respectively and the cross-term σi:xy, is given as

Ωθi ,

[
σ2
i:x σi:xy

σi:xy σ2
i:y

]
. (2.40)

The directions of the scattering in the space for the vector θi are known to be

proportional, up to a factor κi, to the eigenvalues associated to Ωθi [45, 56]. In

particular, the axis of the ellipse that describes this scattering in the space are given

by 2
√
κiλi:1, 2

√
κiλi:2, where

λi:1 ,
1

2

[
σ2
i:x + σ2

i:y +
√

(σ2
i:x − σ2

i:y)2 + 4σ2
i:xy

]
, (2.41)

λi:2 ,
1

2

[
σ2
i:x + σ2

i:y −
√

(σ2
i:x − σ2

i:y)2 + 4σ2
i:xy

]
. (2.42)

If σi:y > σi:x, then equations (2.41) and (2.42) in order to compute λi:1 and λi:2 are

simply swapped.

The proportionality factor κi is related to the confidence interval Ci that target θi is
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enclosed in the ellipse, is given by

κi = −2 ln(1− Ci) . (2.43)

It follows that the Fisher Ellipse for the i-th target θi is described through the following

equation [56]

[(x− pi:x) cos γi + (y − pi:y) sin γi]
2

κi · λi:1
+

[(x− pi:x) sin γi − (y − pi:y) cos γi]
2

κi · λi:2
= 1 , (2.44)

where the rotation angle γi describes the offset between the principal axis for the ellipse

and reference axis and it is defined as 1

γi ,
1

2
arctan

(
2σi:xy

σ2
i:x − σ2

i:y

)
. (2.45)

Figure 2.4 illustrates the level of accuracy of the reconstructed CRLBs ε̄, as a function

of the number of samples collected P using Nakagami distributed residual noise with

bij uniformly selected between 0 − 4 for NLOS and σ = 0.5 for both LOS and NLOS

errors. To help the comparison, it has been added to the plot also a line representing

the theoretical CRLB, i.e. computed with perfect knowledge of the statistic of the

channel. Clearly the EE-reconstructed CRLB is much closer to the theoretical one

than its GK alternative: the latter can not reach the accuracy of the former, even for

a huge number of samples.

First, the minimum number of samples P required for obtaining relatively accurate

results using the above derived CRLBs are analyzed. As it is illustrated in Figure 2.3,

that the non-parametric estimators converges to the PDF with sufficient number of

samples, therefore the estimated CRLB will converge to a stable value as P increases.

In Figure 2.5, for P = 50 samples collected per link, are now represented by their

respective Fisher ellipses (theoretical and reconstructed with the two methods). Only

those reconstructed with the EE almost perfectly match the theoretical PEB, with

only a slight difference in the axis orientation. For P = 250 samples collected per link,

the respective Fisher ellipses of the two reconstruction methods both have almost or

matching axis orientation to the theoretical PEB with the EE method much closer in

the axis lengths than the GK method.

1For σ2
i:x = σ2

i:y then γi = 0.
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To better capture the differences in the PEB estimation, with respect to the theoretical

PEB, Figure 2.6 illustrates, as a function of the number of samples, the position error

bound inner product ∆, given as

∆ ,
1

Nt

Nt∑
i=1

〈Âi ·Ai〉√
ÂiAi

, (2.46)

where 〈·〉 denotes the inner product, A is the area of the theoretical Fisher ellipse and Â

of the reconstructed methods (EE or GK method). It is seen that EE method performs

much better than the GK method, which inherently implies that the reconstructed

Fisher Ellipses of EE are closer in size and orientation to the theoretical Fisher Ellipses

than that of GK, for all number of samples collected P as they both approach the

maximum possible value 1.

2.6 Conclusions

The chapter focused on error analysis by estimating and reconstructing the statistics

of the ranging error without a priori knowledge of the wireless channel. A well

known method for non-parametric estimator, the Gaussian Kernel was used for the

reconstruction of error distributions from samples and the corresponding error bound

was derived.

We have proposed a new method, namely the Edgeworth Expansion, to reconstruct

from samples the statistics of the measurement error by exploiting the power of moment

convergence for Wireless Sensor Networks. This approach was proven to be valid both

in Line-of-Sight and Non-Line-of-Sight conditions, and in conditions when it impossible

to estimate a priori the statistics of the ranging error.

The two methods were compared against each other using two error bounds – the

Cramèr-Rao Lower Bound and Position Error Bound, which were derived to evaluate

their performance of the estimators. Results showed that the Edgeworth Expansion

technique is more efficient and performs better than the Gaussian Kernel method,

requiring much lesser number of samples to reach the same accuracy.



Chapter 3

Optimized Superresolution

Ranging

3.1 Introduction

In wireless localization, loads of research have gone into determining the distance

between devices using some of the widely known traditional techniques such as Received

Signal Strength (RSS), Time of Arrival (ToA), Time Difference of Arrival (TDoA) and

Phase-Difference of Arrival (PDoA) [20,25,57,58].

The choice on selecting the technique that better fits the ranging needs, is usually

based on a complicated trade off between precision, accuracy, costs, reliability as well

as the network scenario. A ranging algorithm which can produce distance estimates

from ranging measurements, irrespective of the technique is desirable in WSN. In this

chapter, we seek to propose an efficient and accurate algorithm which is applicable to

any ranging technique, as it only requires integer multiple measurements irrespective

of the technique used as its input.

Taking into account a scenario in which the scarcity of LOS connections between devices

is an important feature to be considered. Indoor scenario is a very common example

of this, as a consequence, solutions based on AoA or RSS (known to be highly affected

by multipath propagation and NLOS paths) are known to be suboptimal.

A possible alternative is the ToA, which is highly suited for indoor scenarios though

multhipath propagation exists. One of the challenges in ranging is the accuracy, which

critically depends upon the accuracy with which the arrival time is measured at the

44
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transmitting end. Various works have been proposed to accurately measure ToA [15,16],

for simplicity, the Two-Way Ranging (TWR) technique is selected for analysis.

Here, we propose a ranging technique by applying and optimizing superresolution

algorithms such as Multiple Signal Classification (MUSIC) and Root Multiple Sig-

nal Classification (RMUSIC) over ToA measurements using a sparse ruler/sequence.

Superresolution algorithms are frequency estimation techniques which are subspace

methods for direction-determining spectrum which are based on the eigendecomposition

structure of the covariance (autocorralated) matrix for estimating the Direction of

Arrival (DoA) of incoming source signals [59–61]. These techniques totally depend on

the following properties of the covariance matrix of an incoming source signal, which

are: the vector space spanned by its eigenvectors are partitioned into two orthogonal

subspaces, the signal only subspace and the noise only subspace; the steering vectors

corresponding to the direction of the incoming source signal are orthogonal to the noise

only subspace assuming the incoming signals are uncorrelated. These subspace-based

algorithms have received wide attention and usage because of their relatively high

resolution and computational simplicity as well as their ability to reach the CRLB,

provided the SNR of the incoming source signal is large enough to enable the resolution

of distinct peaks in the estimated distance spectrum [62,63].

The main parts of this chapter are standardized as follows: in Section 3.2 a brief

mathematical description of the ToA-based TWR scheme and CRLB are given. Section

3.3 introduces the mathematical formulation of the proposed superresolution ranging

algorithm and their optimized implementation for distance estimation. Result and

comparison follow in Section 3.5, while conclusions remarks of the contributions of this

chapter are presented in Section 3.6.

3.2 Time of Arrival-based Two-Way Ranging

Consider the problem of estimating the distance d between a reference node (anchor) A

and a target node T based on ToA measurements. Using the standard TWR technique

[15,16], the estimate distance d̃ is given as

d̃ =
[
(τ

RX:1
− τ

TX:1
)− τ

T

]
· c

2
, (3.1)

where τ
TX

is signal transmitted time, τ
RX

is the signal received time, τ
T

is the

retransmission delay at device T and c is the speed of light.
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Figure 3.1: Multiple uniform Two-Way Ranging Model. A total of K measurements

are performed starting at τ
TX

up to τ
RX:K

.
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A single measurement is sufficient to estimate the distance between the devices, but

this procedure can be repeated multiple times to obtain a more accurate estimate where

the transmitted signal travels multiple round trip times as in Figure 3.1.

From the k-th round trip measurement obtained at receiver, the corresponding k-th

distance estimate is given as

d1 =
[
(τ

RX
− τ

TX
)− τt

]
· c

2
,

... (3.2)

dk =
[
(τ

RX:k
− τ

TX
)− kτ

T
− (k − 1)τ

S

]
· c

2k
,

where the distances are non-identical due to different round trip noises.

Without loss of generality (w.l.g.), τ
S

and τ
T

are assumed to be zero, since they serve

no mathematical purpose, and therefore

kdk =
c(τ

RX:k
− τ

TX
)

2
=
c∆τk

2
, (3.3)

where ∆τk is the Time of Arrival of the signal and c∆τk
2 corresponds to integer distances

(kdk). This is to enable c∆τk
2 , which are then to be subject to Gaussian-distributed

random variables with zero-mean and variance.

Therefore, c∆τ̃k
2 is modeled as a Gaussian distribution and its PDF is

P
(c∆τ̃k

2
;
c∆τk

2
, σ
)

=
1√
2πσ

exp

(
−( c∆τ̃k2 − c∆τk

2 )2

2σ2

)
,

=
1√
2πσ

exp

(
−(kd̃k − kdk)2

2σ2

)
. (3.4)

3.2.1 Cramér-Rao lower bound

From K samples of ToA measurements c∆τ̃
2 , { c∆τ̃12 , · · · , c∆τ̃K2 } and using the PDF in

equation (3.4), the likelihood function is given as

L
(c∆τ̃k

2
;
c∆τk

2
, σ
)

=

K∏
k=1

1√
2πσ

exp

(
−(kd̃k − kdk)2

2σ2

)
. (3.5)
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The log-likelihood function is given as

lnL
(c∆τ̃k

2
;
c∆τk

2
, σ
)

= ln
K∏
k=1

1√
2πσ

exp

(
−(kd̃k − kdk)2

2σ2

)
,

=

K∑
k=1

(
ln

1√
2πσ

− (kd̃k − kdk)2

2σ2

)
. (3.6)

The gradient of the log-likelihood function is as follows

∂ lnL
(c∆τ̃k

2
; c∆τk2 , σ

)
∂d

=
∂

∂d

K∑
k=1

(
ln

1√
2πσ

− (kd̃k − kdk)2

2σ2

)
,

=
K∑
k=1

k2(d̃k − dk)
σ2

. (3.7)

The Hessian of the log-likelihood function is

∂2 lnL
(c∆τ̃k

2
; c∆τk2 , σ

)
∂d2

= −
K∑
k=1

k2

σ2
. (3.8)

Finally, the Fisher Information J is given by

J = −E

∂2 lnL(
c∆τ̃k

2
; c∆τk2 , σ)

∂d2

 =
K∑
k=1

k2

σ2
, (3.9)

where the key feature determining the Fisher information is k = 1, · · · ,K and the

CRLB is given as J−1.

In the next sections, we present a standard and optimized implementation of two

common superresolution algorithms used for reducing the SNR required for resolution.

3.3 Superresolution Ranging

Let us revisit the fundamental relationship between the Time of Arrival ∆τk and

distance estimate d̃ according to equation (3.3). Assume that a complete set of uniform

round trip times (τ
RX

= {τ
RX:1

, · · · , τ
RX:K

}) corresponding to ToA measurements are
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measured and collected,

c∆τ̃

2
,

[
c∆τ̃1

2
, · · · , c∆τ̃K

2

]
. (3.10)

Taking the above vector c∆τ̃
2 as the argument of the element-wise complex exponential

function g(x) = exp(jx), we obtain

g
(c∆τ̃

2

)
= [e

jc∆τ̃1
2 , · · · , e

jc∆τ̃K
2 ]T (3.11)

= [ejd̃, · · · , ejKd̃]T.

One can immediately recognize from equation (3.11), the similarity between the com-

plex exponential vector g( c∆τ̃2 ) and the steering vector of a linear antenna array [59],

which suggests that the parameter of interest (distance d), can be estimated using

spectral superresolution techniques [60, 64] based on the concept of signal and noise

subspaces for obtaining unbiased estimates of a single parameter.

3.3.1 Spectral MUSIC Approach

Multiple Signal Classification (MUSIC) algorithm is a very popular spectral search

superresolution technique developed by R. O. Schmidt in [60] as a generalization and

computation of Pisarenko harmonic decomposition [65]. The Pisarenko’s method is a

carrier frequency estimation technique, which assumes that a signal are composed of

complex exponentials in the presence of additive white noise. This estimation scheme is

quite limited as a priori knowledge of the number of complex exponentials is required.

Equally, the MUSIC algorithm as a frequency and also a DoA estimator can be applied

to distance estimation problem, since the assumptions on the complex exponential

vector g( c∆τ̃2 ) in equation (3.11) is that rank(g( c∆τ̃2 )) = 1 and the collected set of ToA

measurements c∆τ̃
2 are uniform.

The sample array covariance matrix Rx is obtained as

R̃x = g
(c∆τ̃

2

)
g
(c∆τ̃

2

)H
, (3.12)

which has a fundamental property where the spanned space of the eigenvectors are

partitioned into the two orthogonal subspaces – signal only subspace and noise only

subspace.
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The eigendecomposition of the sample covariance matrix R̃x yields

R̃x = ẽssΛ̃ssẽ
H
ss︸ ︷︷ ︸

signal-subspace

+ ẼnsΛ̃nsẼ
H
ns︸ ︷︷ ︸

noise-subspace

(3.13)

where the sample eigenvalues are sorted in descending order and the vector ẽss , [ẽ1]K×1

and matrix Ẽns , [ẽ2, · · · , ẽK ]K×K−1 contain in their columns the signal-subspace and

noise-subspace eigenvectors of R̃x respectively.

It is quite clear that the basis of noise-subspace Ẽns formed by the (K−1) eigenvectors

associated with the (K − 1) smallest eigenvalues are orthogonal to the complex

exponential vector g( c∆τ̃2 ) [60], and therefore

g
(c∆τ

2

)
⊥ Ens

g
(c∆τ

2

)H
EnsE

H
nsg(

c∆τ

2
) = 0, (3.14)

where ⊥ depicts orthogonality between two vectors.

In view of the second part of equation (3.11), the spectral MUSIC estimates the distance

d̃ between the pair of devices S and T from the maximum of the function

f(d̃) =
1

g
(
c∆τ̃

2

)H
ẼnsẼH

nsg
(
c∆τ̃

2

) (3.15)

by searching over d using a fine grid as it exploits the orthogonality in equation (3.14).

3.3.2 Root MUSIC Approach

The Root MUSIC algorithm as an expansion of the spectral MUSIC minimizes its com-

putational complexity by replacing the search of the minimum of f(d̃) by polynomial

rooting, and its only solution is the distance estimate d̃ [64].

From the complex exponential vector in equation (3.11) is

g(d̃) = [ejd̃/a, · · · , ejKd̃/a]T (3.16)

g(z) = [z1, · · · , zK ]T ,

where z , ejd̃/a and a is introduced as the maximum possible estimate of the distance

so as to avoid rotation due to the complex exponential function.
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Similar to spectral MUSIC, the sample array covariance matrix R̃x and its eigende-

composition are obtained as shown in equations (3.12) and (3.13). From equation 3.15,

f(d̃) = g(z−1)TẼnsẼ
H
nsg(z) , f(z)

= [z−1, · · · , z−K ]


e11 · · · e1K

... · · · ...

eK1 · · · eKK



z1

...

zK


f(z) =

K−1∑
l=−K+1

alz
l, (3.17)

where al is the sum of the lth diagonal entries of ẼnsẼ
H
ns [64].

The polynomial f(z) has (2K − 1) unitary modulus roots which form conjugate

reciprocal pairs are

z = ejd̃/a and z̄ = e−jd̃/a . (3.18)

Due to the presence of noise, the Root-Music computes all roots of f(z) and estimates

the distance d̃ by selecting the largest-magnitude root from those lying inside the circle.

Though the MUSIC and Root MUSIC algorithms are known to be very close to

optimum for uncorrelated signals, they can be improved significantly. The problem

is therefore not of the superresolution algorithms but how they are being used.

Specifically, by optimizing the aperture of the collected set of ToA measurements.

3.4 Optimized Superresolution Ranging

For the optimization of the superresolution algorithm, nonuniform set of round trip

times τ
RX

= {τ
RX:n1

, · · · , τ
RX:nK

} corresponding to ToA measurements are collected,

by carefully and sparsely allocating the ranging slots/cycles according to a sparse ruler

〈n1, n2, · · · , nK : n1 = 0, nK = L〉.
The complete set of ToA measurements are

c∆τ̃

2
,

[
c∆τ̃n1

2
, · · · , c∆τ̃nK

2

]
. (3.19)

as seen in Figure 3.2 with an added waiting time τnK−1 = (nK−nK−1−1)·(τ
RX:n1

−τ
TX

)

at the source S for the elimination of some certain round trip times.
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Figure 3.2: Multiple nonuniform two-way ranging Model. A total of K measurements

are performed starting at τ
TX

up to τ
RX:nK
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3.4.1 Features and Genetic Algorithm to Design a Sparse Ruler

As an undirected graph, a sparse ruler is aK-marks ordered sequence whose correspond-

ing differences contain elements with little or no repetition [66]. The K-marks ruler

consists ofK distinct non-negative integers (ni < ni+1) such that there areM = K(K−1)
2

distance differences (unique/repeated)

nj − ni (1 ≤ i < j ≤ K) (3.20)

with no restrictions on its length N . There is no requirement that a sparse ruler should

be able to measure all distances up to its length, when it does, it is called a perfect

ruler which does not exists beyond four marks (K = 4) [67].

The design of a sparse ruler is a hard combinatorial problem and there is no general

solution to its construction [68,69], nor can the known rulers be used in every application

due features required. As a result, various heuristic techniques to design sparse rulers

with specific features can therefore be found in the literature, including constraint

programming, local search, and evolutionary or genetic algorithms [68,70].

In the context of this section, the interest is to introduce sparse rulers so as to enable

resource (time) optimization by carefully specifying that ranging cycles/frame τ
RX

are

allocated in relation to a sparse ruler. To this end, we briefly describe a direct genetic

algorithm to find sparse rulers with minimal or no repetition, which is a technique

proposed by [71] through the steps below.

(i) Representation: Sparse rulers are exemplified by the markers and number of marks

on the ruler. Another option of representation for sparse rulers is by the distance

between successive markers of the ruler, which are known as the lengths of its

segments. A sparse ruler can therefore be represented by the K − 1 distances

indicating the lengths of its K − 1 segments that compose the K-mark ruler.

(ii) Initial Population: To ascertain the singleness of each segment length of a ruler,

individuals or members in each segment sets of the initial population were chosen

at random. This is done using a set of numbers 1 to 3K (maximum allowed

segment in the length), then a monotonous sequence of random permutation

between two individuals of the elements 2 through 3K is executed to assert

segment length 1 is preserved among the elements of the segments in the ruler.

Finally, the first K−1 elements including segment length 1 are selected, and then

randomized using this same swapping scheme.
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(iii) Evaluation: Most genetic algorithms for obtaining sparse ruler are evaluated by

minimizing fitness functions. For a ruler to be sparse, there exists two fitness

criteria it must meet as well minimized, which are the overall length of the ruler

(as short as possible) and number of repeats in the ruler (little similarity between

distances it can measure). In most applications, the number of repeats is the most

significant and must be as little as possible).

(iv) Mutation: There exist two kinds of mutation deployed in genetic algorithms:

permutation and transmutation Permutation is the change in order between two

segments while transmutation is the change in the segment lengths. Mutation is

controlled for each segment element individually in the ruler through a mutation

probability to determine if mutation occurs or not for each element. With the

generation of the initial population, special preventative measures are taken to

guarantee that segment length 1 is preserved in the ruler by restricting it to the

permutation type of mutation as it was proven that all sparse rulers must have

the segment of length 1 [68].

(v) Tournament Selection: This is used where a random number of individual rulers

are selected from the population. Multiple parent rulers are chosen based on the

individual rulers with the lowest fitness scores.

(vi) Crossover: A random number is compared to a crossover probability to determine

if crossover will occur or not. If crossover is to be performed, it is done similar to

partially mapped two point crossover, and if not, the two parents are also the two

children. Before crossover the two parents are aligned with each other to reduce

the prevent the possibility of crossover between two mirror images.

From different approaches studied, the best result is obtained corresponding to the

exertion of a high mutation and low crossover genetic algorithm. A pseudo-code of the

proposed genetic algorithm described above is given in Appendix A. In the next chapter,

we introduce a new genetic algorithm for generating single optimal Golomb rulers as

well as multiple sets of orthogonal Golomb rulers with more detailed explanation of the

genetic algorithm.

With the use of a sparse ruler, the corresponding expanded ToA measurements

differences
c∆τ̃nj

2
− c∆τ̃ni

2
(1 ≤ i < j ≤ K) (3.21)
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are unique or with little repititions. The differences of the ToA measurements are

c∆τ̃

2
,

[
c∆τ̃v1

2
, · · · , c∆τ̃vM

2

]
., (3.22)

where [v1, · · · , vM ] denote the corresponding differences of the K-marks sparse ruler.

With the aid of sparse ruler thinning, M ToA measurements have been obtained from

measuring only K round trip times.

3.4.2 MUSIC and Root MUSIC Approach

The MUSIC and Root MUSIC algorithms can both be generally applied to all complete

set of round trip times (uniform, nonuniform, and sparse), with the ToA measurements

relating to integers (vm : m = 1, · · · ,M).

From equation (3.22), the complex exponential vector becomes

g(
c∆τ̃

2
) = [e

jc∆τ̃v1
2 , · · · , e

jc∆τ̃v1
2 ]T (3.23)

= [ejv1d̃, · · · , ejvM d̃]T .

For MUSIC, the rest of the algorithm is similar to that of Subsection 3.3.1. For Root-

MUSIC, the M × 1 complex exponential vector is given as

g(d̃) = [ejv1d̃/a, · · · , ejvM d̃/a]T . (3.24)

g(z) = [zv1 , · · · , zvM ]T ,

while the sample array covariance matrix R̃x and its eigendecomposition are estimated

similarly as in equations (3.12) and (3.13).

From equation (3.15),

f(d̃) = g(z−1)TẼnsẼ
H
nsg(z) , f(z)

= [z−v1 , · · · , z−vM ]


ev1v1 · · · ev1vM

... · · · ...

evMv1 · · · evMvM

 ,

zv1

...

zvM


f(z) =

vM−1∑
l=−vM+1

alz
l, (3.25)
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Figure 3.3: Performance of superresolution and average-based ranging algorithms as a

function of the sample set sizes K, without Sparse-optimized sampling.
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where al is the sum of the lth diagonal entries of ÃnsÃ
H
ns. The vM×vM matrix ÃnsÃ

H
ns

is formed as follows:

1. ÃnsÃ
H
ns is firstly formed as a vM × vM zero matrix.

2. The (ki, ki) element of ẼnsẼ
H
ns replace the corresponding (i, i) element of ÃnsÃ

H
ns

for all i = 1, · · · ,M i.e., the elements of ẼnsẼ
H
ns replace the corresponding

elements of ÃnsÃ
H
ns of the same index.

The rest of the algorithm is similar to that of Subsection 3.3.2

3.5 Performance Evaluation

In this section, simulations were conducted so as to evaluate the performance of the

spectral MUSIC and Root MUSIC superresolution algorithms using uniform and sparse

ToA measurements, and compared against the Cramèr-Rao Lower Bound (CRLB) and

averaging of distances obtained from ToA measurements, similar to equation (3.2) as

a benchmark for the algorithms [72,73].

The simulations were based on obtaining uniform or sparse sets of ToA measurements

∆τ̃ (equations (3.10) and (3.19)) by adding Gaussian-distributed random variable with

a zero mean and variance σ2 = 1, · · · , 10 to the integer distances (kd or nkd) using

equation (3.3). Considering the set of collected ToA measurements ∆τ̃ , the average

distance estimates d̃ can be obtained as

d̃ =
1

K

K∑
k=1

c∆τ̃k
2k︸ ︷︷ ︸

uniform

or
1

K

K∑
k=1

c∆τ̃nk
2nk︸ ︷︷ ︸

sparse

. (3.26)

As seen in Figures 3.3 and 3.4, this technique is sub-optimum, as it requires a large n

number of round trip times TRx to achieve a low RMSE and get close enough to the

CRLB.

For uniformly collected ToA measurements, the superresolution algorithms perform

much better than the average distance technique as their RMSE are much lower but

still far off from CRLB, since they also require large K number of samples to achieve

low RMSE in the Figures 3.3 and 3.4. The results of the superresolution algorithms

using uniformly measured round trip times/ToA measurements are still sub-optimal.
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Table 3.1: Examples of Optimal Golomb Rulers.
K M N Optimal Sparse Rulers

4 6 6 0 1 4 6

5 10 11 0 1 4 9 11

6 15 17 1 2 5 11 16 18

7 21 25 1 2 5 11 19 24 26

8 28 34 1 2 5 10 16 23 33 35

9 36 44 1 2 6 13 26 28 36 42 45

10 45 55 1 2 7 11 24 27 35 42 54 56

11 55 72 1 2 5 14 29 34 48 55 65 71 73

12 66 85 1 3 7 25 30 41 44 56 69 76 77 86

13 78 106 1 3 6 26 38 44 60 71 86 90 99 100 107

14 91 127 1 5 7 21 36 53 60 78 79 87 90 100 123 128

15 105 151 1 5 21 31 58 60 63 77 101 112 124 137 145 146 152
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As mentioned, the MUSIC and Root MUSIC algorithms are known to be very

optimum for uncorrelated signals, and since only one signal is being estimated, the

correlation problem is totally avoided, and therefore their performance can be improved

significantly. The problem is therefore not of the superresolution algorithms but how

they are being used. The results of the superresolution algorithms were improved by

optimizing the aperture of the collected set of ToA measurements ∆τ̃ as in Section

3.4 which eliminates redundancy. This was done using a K-marks sparse ruler whose

difference triangles maps K ToA measurements {∆τ̃ k}Kk=1 to M ToA measurements

{∆τ̃m}Mm=1 with little or no repetition.

With the superresolution algorithms, optimal sparse rulers called K-marks Golomb

rulers [69] in Table 3.1 were used for the simulations with varying lengths L and

aperture. In this set-up, we achieved a far better performance with a much lower RMSE

and got very close to the CRLB compared to any of the ranging techniques described

above using uniformly collected ToA measurements as in Figures 3.5 and 3.6. Figure 3.5

shows that using K = 8 optimized set of ToA measurements, we achieve a lower RMSE

than using K = 15 uniform set of ToA measurements for σ = 0.2, 0.6. While in Figure

3.6, a lower RMSE was obtained for the optimized set of ToA measurements at σ = 0.5

compared to using uniform set of ToA measurements at σ = 0.1 for K = 7, 10. By

optimizing the collection of the K number of round trip times, we were able to improve

greatly the accuracy of distance estimates d̃, as a result reduce their corresponding

RMSE.

3.6 Conclusions

We proposed a new ranging technique, which combines superresolution algorithms

popularly used in finding the direction of arrival of sources in antenna array systems

such as MUSIC and Root MUSIC algorithms with the powerful mathematical notion of

a sparse ruler obtained using genetic techniques, to perform efficient and accurate Time

of Arrival-based ranging. The new optimized solution was proven to being more efficient

with respect to the naive uniform version in terms of samples (ranging information) to

be collected, and above all, to have performances very close to the fundamental limits

depicted by the Cramèr-Rao Lower Bound.



Chapter 4

Multipoint Ranging via

Orthogonally Designed Golomb

Rulers

4.1 Introduction

Wireless localization is a fairly mature area of research, with a vast literature [20,21,27].

It is therefore paradoxical that despite the formidable effort put into the problem,

wireless positioning is still shy of its potential as a truly ubiquitous technology [8,9,11].

Ubiquity requires the technology to be available in every environment, and it is well-

known that wireless localization systems are still inaccurate and unreliable in places

such as urban canopies and indoors, which are characterized by rich multipath and

scarcity of LOS conditions. Furthermore, compared to the quality and omnipresence

of satellite- and cellular-based systems in open outdoor spaces, indoor positioning

solutions [74–76] are still relatively fragile, under-deployed and unconsolidated.

One explanation is that literature has provided a large number of building blocks to

solve parts of the problem, but still does not harmoniously provide comprehensive

solutions.

To qualify the above statement, consider the case of AoA positioning were a good

number of AoA localization, and estimation algorithms [59,60,77] exists. Of particular

relevance is the fact that simultaneous estimation of the AoA of multiple signals/sources

62
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is relatively easy to perform, which is of fundamental importance to reduce latency in

indoor applications where the concentration of users is typically large.

Yet, AoA-based indoor positioning is not common today because: a) AoA-based

localization algorithms are highly susceptible to NLOS conditions, such that accurate

and robust AoA input is needed; and b) accurate and robust AoA estimation requires

expensive multi-antenna systems and high computational capabilities, which are in-

compatible with typical indoor requirements of small, low-cost, low-power devices.

The limitations of the AoA-based approaches partially explain the predominance of

range-based indoor localization systems proposed both by academia and industry [21,

27, 78, 130]. Indeed, various accurate robust distance-based localization algorithms

exist, and distance estimates are relatively inexpensive to obtain from radio signals

without requiring multiple antennas or significant additional RF circuitry. But again

the deployment of this technology is short of its potential, which arguably is a result

of the fact that since ranging quality is severely degraded by interference, positioning

systems are required to carefully schedule the collection of ranging information, leading

to low refreshing ratios and communication costs.

The above rationale points to a curious predicament. On one hand, many excellent

AoA estimation algorithms exist, which however are not typically utilised for indoor

positioning as multi-antenna systems are too expensive. On the other, many excellent

distance-based positioning algorithms exist [27], which however can only be effectively

employed for indoor positioning, if ranging information can be collected efficiently from

multiple sources so as to reduce latency.

The work presented in this chapter is a proposal to solve the aforementioned impasse.

Specifically, we offer a solution to the multipoint ranging problem based on the same

superresolution techniques typically used for AoA estimation. As shall be explained,

however, in this context the ability to handle multiple sources when employing super-

resolution methods does not stem from the separability of signals through the eigen-

properties of mixed covariance matrices, but rather by a robustness to sampling sparsity

which interestingly is not always enjoyed by such methods in the multi-antenna setting.

The feature suggests that the collection of input data can be optimized by designing

such sampling sparsity according to Golomb rulers [66,67,70,71], which however must

maintain mutual orthogonality. The latter is achieved by a new genetic algorithm –

designed under the inspiration of the behaviour of prides of lions – which enables the
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construction of multiple orthogonal and equivalent1 Golumb rulers.

The performance of the new algorithm to construct Golomb rulers is compared against

the state of the art, and shown thereby to outperform all alternatives we could find.

Furthermore, an original CRLB analysis of the new strategy is performed, which

indicates that in addition to the advantage of enabling simultaneous multipoint ranging,

the overall solution achieves remarkable gain in accuracy over current methods.

In summary, our contributions are as follows:

1) A new multipoint ranging algorithm obtained by adapting superresolution tech-

niques for ToA [15, 16, 57, 79] and PDoA [17–19] ranging, under a unified math-

ematical framework and such that resources (time/frequency) can be optimized

by employing allocation schemes dictated by purpose-designed Golomb rulers

(Section 4.2);

2) A new genetic algorithm that not only outperforms the best known alternative

to-date in both speed and efficacy, but also enables the simultaneous construction

of multiple orthogonal sets of Golomb rulers of equivalent properties (Section 4.3);

3) A complete and specific CRLB analysis of the resulting method, which validates

the proposed technique by demonstrating that it indeed nearly achieves the

fundamental limit in terms of estimation error performance (Section 4.4).

4.2 Superresolution ToA and PDoA Ranging

There are three basic methods to estimate the distance between a pair of wireless

devices using their signals: Received Signal Strength Indicator (RSSI), ToA and PDoA.

Amongst these alternatives, RSSI-ranging is known to be the least accurate and least

robust [13,14]. In fact, after some early attention due mostly to its inherent low-power

potential [80, 81], RSSI-ranging has since lost appeal thanks to the emergence of low-

power physical layer standards such as 802.15.4g [82] and 802.11ac [83], which facilitate

the implementation of low-power ToA and PDoA ranging mechanisms. In light of the

above, we shall focus hereafter on the latter two forms for multipoint ranging.

1Equivalence will be defined more rigorously according to two different criteria.
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4.2.1 ToA-based Two-Way Ranging Model

Consider the problem of estimating the distance d between a reference node (anchor)

A and a target node T based on ToA measurements. Using the standard two-way

ranging technique [15, 16], and assuming that the procedure is executed not a single

but multiple times, the k-th distance estimate d̃k of d is computed by

d̃k =
[(
τ

RX:k
− τ

TX:k

)
− k · τ

T

]
· c

2
(4.1)

where c is the speed of light; τ
TX:k

and τ
RX:k

are respectively the time stamps of the

k-th packet at transmission and reception back at the anchor; and τ
T

is a fixed and

known waiting period observed by the target, for reasons that are beyond2 the ranging

process itself.

Since τ
T

is known a priori by the anchor, it serves no mathematical purpose and

therefore can be assumed to be zero3 without loss of generality. Similarly, before the k-

th ranging cycle the anchor may in practice hold for a (possibly unequal) waiting period

τ
A:(k−1)

, which however can also be normalized to zero, without loss of generality.

Referring to Figure 4.1, and considering the latter assumptions on τ
T

and τ
A:i

for

i = {1, · · · , k − 1}, equation (4.1) can then be rewritten as

d̃k =

(τRX:k
− τ

TX:1

)︸ ︷︷ ︸
∆τk

−k · τT 0
−
k−1∑
i=1

τ
A:i 0

 · c
2k
≡ ∆τk ·

c

2k
. (4.2)

One way to interpret the model described by equation (4.2) is that in a ToA-based TWR

scheme with multiple ranging cycles, the time-difference measurement ∆τk obtained at

the k-th cycle has a linear functional relationship with the cycle index k, with the

proportionality factor determined by the distance d between the target and the anchor,

i.e.,

∆τk = ωdk, with ωd =
2d

c
. (4.3)

The convenience of this interpretation of ToA-based TWR will soon become evident.

2For instance, τ
T

may be imposed by the frame structure of the underlying communication system.
3Strictly speaking, τ

T
could also be considered a source of ranging errors, since it is subject to jitter

(imperfect time-keeping). In practice, however, jitter errors are several orders of magnitude below the
timing errors involved in measuring τ

RX:k
, and therefore can be effectively ignored.
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Start of second
ranging cycle

End of (k�1)�th
ranging cycle

Figure 4.1: Illustration of the non-uniform TWR scheme. Multipoint ranging can be

performed by intercalating different sources in different orthogonal (non-overlapping)

slots (cycles).
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Figure 4.2: Illustration of PDoA ranging mechanism for a single frequency. Multipoint-

point ranging can be performed by allocating different sources to different orthogonal

carriers.
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4.2.2 PDoA-based Continuous Wave Radar Ranging Model

Consider the problem of estimating the distance d between a reference node (anchor) A

and a target node T based on the phases of the signals exchanged between the devices.

One possible mechanism, as illustrated in Figure 4.2, is that the anchor A emits a

continuous sinusoidal wave x(t) = A0 cos (2πft+ ϕTX) of frequency f with a known

phase ϕTX and the target T acts as an active reflector, such that A can measure the

phase ϕRX of the returned signal y(t) = B0 cos (2πft+ ϕRX) [17–19]. In this case, the

roundtrip distance 2d and the phases ϕTX and ϕRX are related by

ϕ = ϕRX − ϕTX =
4πd

c
f − 2πL, (4.4)

where L is the integer number of complete cycles of the sinusoidal over the distance 2d.

Obviously the distance d cannot be estimated directly based on equation (4.4) since the

quantity N is unknown. However, taking the derivative of equation (4.4) with respect

to f one obtains
dϕ

df
=

4πd

c
. (4.5)

Let there be a set of equi-spaced frequencies F = {f0, · · · , fK} such that ∆f = fk+1−fk
for all 0 ≤ k < K, and assume the roundtrip phases ϕk for all fk are measured. Then,

thanks to the linear relationship between f and d described by equation (4.5), it follows

that

∆ϕk = ωdk, with ωd =
4π∆fd

c
, (4.6)

where ∆ϕk , ϕk − ϕ0 for all 1 ≤ k < K.

Comparing equations (4.3) and (4.6), we conclude that both the ToA-based TWR and

the PDoA-based Continuous Wave Radar Ranging (CWRR) methods are mathemati-

cally equivalent, in the sense that the measured quantities, respectively ∆τk and ∆ϕk,

have a linear relationship with a counter k, governed by a slope coefficient ωd that is

directly and unequivocally related to the desired information d.
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4.2.3 Linearity of Ranging Models and Applicability of Golomb

Rulers

In light of the models described above, we shall consider for simplicity that we are able

to measure quantities ∆k, such that

∆k = ωd · k, (4.7)

where ωd is a coefficient with a constant relationship with d.

Obviously the desired parameter d can be estimated directly from each measured ∆k,

but the resulting estimation errors can be very large, especially if the hardware utilized

to that end are low power radios, not purpose-built for ranging purposes (e.g. Bluetooth

devices or ZigBee sensors).

As shall be demonstrated in the sequel, such error performances can be significantly

improved by taking not a single, but multiple measurements of ∆k, and utilizing

superresolution techniques. In so doing, however, it is also desired to keep the total

number of measurements of ∆k to a minimum, in order to minimize power consumption

as well as delay, which incidentally may also impact estimation accuracy since devices

are typically mobile. For the same reasons, it is furthermore desirable to perform such

measurements with respect to multiple points simultaneously.

We therefore seek a strategy to design the sequence of measurements of ∆k, that can

be used to improve the accuracy of multipoint ranging efficiently. To this end, first

notice that trivially due to the linearity of the relationship described by equation (4.7),

we have, for any pair of integers (k, q), with k > q,

∆k −∆q = ωd · (k − q) = ∆k−q. (4.8)

This simple property has a remarkable consequence. Indeed, consider an ascending

sequence of non-negative integers N = {n1, · · · , nK} and the associated set of input

measurements �N = {∆n1 , · · · ,∆nK}. By virtue of equation (4.8), the set �N

can be expanded into �V = {∆n2 − ∆n1 , · · · ,∆nK − ∆n1 , · · · ,∆nK − ∆nK−1} =

{∆n2−n1 , · · · ,∆nK−nK−1} = {∆ν1 , · · · ,∆νM }, where the cardinality M of �V is ob-

viously upper bounded by M ≤ KK−1
2 .

Other than the much larger cardinality, the sequences �V and �N have, as far as the

purpose of distance estimation is concerned, fundamentally the same nature since both

carry samples of the quantities ∆k. In other words, the model described in subsection



70 Chapter 4: Multipoint Ranging via Orthogonally Designed Golomb Rulers

4.2.2 allows for large input sets of cardinality N to be obtained from a significantly

smaller number K of actual measurements, by carefully designing the feedback intervals

or the carrier frequencies required to perform ranging estimates. Furthermore, the

linearity between the measured quantities ∆k and the corresponding indexes k is so

that such design can be considered directly in terms of the relationship between the

integer sequences N → V.

Sparse rulers or sequencesN that generate optimally expanded equivalents V are known

as Golomb rulers and their design under the constraints of our problem is the subject in

Section 4.3. Here, however, let us proceed by demonstrating how the aforementioned

model enables the straightforward application of superresolution algorithms for ToA

and PDoA ranging.

4.2.4 Multipoint Ranging via Superresolution Algorithms

Straightforwardly, assume that a set of input measurements between the target node

and an anchor A is collected according to a Golomb ruler �NA , from which the

associated expanded set�VA . Likewise, let sample sets to another anchor B be collected

according to another ruler �NB , which after expansion yields �VB .

Dropping the subscripts A and B for notational simplicity, consider the following

complex vector that can be built for any of these two anchors4,

x = [ej∆ν1 , ej∆ν2 , · · · , ej∆νM ]T ≡ [ejωd , ejν2ωd , · · · , ejνMωd ]T, (4.9)

where T denotes transposition and we have normalized ν1 = 1, without loss of generality.

Notice that as long as no element in �NA belongs also to �NB , the two sequences are

orthogonal, meaning that the collection of ranging data from A and B can be conducted

without interference. This is regardless of the fact that the corresponding vectors,

constructed according to equation (4.9) would most certainly not be (in general)

orthogonal.

One can immediately recognize from equation (4.9) the similarity between the vector x

and the steering vector of a linear antenna array [59,60,64], with inter-element spacings

governed by �V . An estimate of the parameter of interest ωd can therefore be recovered

from the covariance matrix Rx , E[x · xH]. Specifically, under the assumption that

each measurement ∆νm is subject to independent and identically distributed (iid) white

4Obviously the concept generalizes to an arbitrary number of anchors.
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noise with variance σ2, the covariance matrix Rx can be eigen-decomposed to

Rx = U ·Λ ·UH, (4.10)

with
U =

[
ux U0,

]
and Λ =

[
1 + σ2 0

0 σ2I

]
, (4.11)

where U0 is the K-by-(K−1) null-space of Rx.

Given the above properties, many superresolution algorithms can be employed to

obtain ranging estimates from ToA and PDoA measurements [84–87]. Since our focus

in this article is to demonstrate such possibility, discuss the resulting opportunities

to optimize resources, and analyze the corresponding implications on the achievable

ranging accuracies, we shall limit ourselves to two explicit classical examples, for the

sake of clarity.

One way to obtain an estimate ω̂d of ωd is via the classic spectral MUSIC algorithm

[60–62], where a search for the smallest vector projection onto the noise subspace of

Rx is conducted, namely

ω̂d = arg max
ωd

1

‖eH ·U0‖2
with e , [ejωd , ejν2ωd , · · · , ejνMωd ]T. (4.12)

Alternatively, ω̂d can be obtained using the root MUSIC algorithm [59, 64, 88],

which makes use of the fact that the projection square norm ‖eH · U0‖2 defines

an equivalent polynomial in C with coefficients fully determined by the Gram-

mian matrix of the null subspace of Rx. Specifically, define the auxiliary variable

z , ejω such that e = [z, zν2 , · · · , zνM ]T, and the two zero-padded vectors eL =

[z−1, 0, · · · , 0, z−ν2 , 0, · · · , 0, z−ν3 , 0, · · · , · · · , 0, z−νM ] and eR = [z, 0, · · · , 0, zν2 , 0, · · · , 0,
zν3 , 0, · · · , · · · , 0, zνM ]. Then we may write

P (z) = ‖eH ·U0‖2 = eL ·G · eT
R
≡

2νM−2∑
ν=0

tr(G; ν) · zν , (4.13)

where the last equivalence sign alludes to the multiplication by zνM required to take

the algebraic function into a polynomial; G is a Gramian matrix constructed by zero-

padding the matrix U0 ·UH
0 , such that the (m, `)-th element of U0 ·UH

0 is the (νm, ν`)-th

element of G; and tr(G; ν) denotes the m-th trace of the matrix G – i.e., the sum of

the k-th diagonal of M, counting from the the bottom-left to the upper-right corner.
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The estimate ω̃d can then be obtained by finding the only unit-norm root of P (z), i.e.,

ω̃d = arg sol
{
P (z) = 0

∣∣∣ |z| = 1
}
. (4.14)

Whatever the specific method used to extract the distance information (embedded

in ω̃d) from the vectors constructed as shown in equation (4.9), the superresolution

algorithms described are all:

• Superimposable: Thanks to the expansions N → V, measurement intervals

or frequencies corresponding to multiple sources can be superimposed without

harm. To exemplify, consider the case of two sources A and B and the mea-

surements from both sources be collected continuously according to the sequence

N = {1, 3, 4, 5, 6, 7, 8, 10}, but such that the sources A and B are only active

according to the orthogonal (i.e., non-overlapping) sequences NA = {1, 3, 6, 7}
and NB = {4, 5, 8, 10}. The samples in NA can, however, be transformed into

the sequence VA = {3− 1, 6− 1, 7− 1, 6− 3, 7− 3, 7− 6} ≡ {1, 2, 3, 4, 5, 6}, which

contains 6 samples. Furthermore and likewise, NB → VB = {5 − 4, 8 − 4, 10 −
4, 8−5, 10−5, 10−8} ≡ {1, 2, 3, 4, 5, 6}. In other words, each source collects only

4 samples, sharing orthogonal slots of a frame (ToA), or different frequencies in

a band (PDoA), without interference. Each such set of 4 collected samples are

then transformed into 6 equivalent measurements which are subsequently fed to

the superresolution ranging algorithm.

• Unambiguous: In the case of AoA estimation using antenna arrays, the elements

of the steering vectors are complex numbers whose arguments are periodic

functions of the desired parameter, which in turn gives rise to aliasing (ambiguity)

of multiple parameter values that lead to the same set of measurements [89–92].

In contrast, in the context hereby the quantities ∆k are linear functions5 of the

desired parameter d, such that no such ambiguity occurs.

• Separable: Thanks to the fact that sample collection is orthogonalized by design

via the utilization of Golomb rulers without overlapping marks, superresolution

5Ambiguity typically occurs in superresolution methods applied to AoA estimation [92–96] due to
a combination of the circularity of the arguments of the complex exponentials and the periodicity
such functions exhibit on the estimated parameter. It can be easily demonstrated that in the case of
interest here, where ∆νk are linear functions of d, such ambiguity can be avoided by arbitrary scaling.
Furthermore, for the applications of interest (indoor localization) unambiguity holds in practical terms
also without scaling.
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multipoint ranging can be carried without interference using orthogonal non-

uniform sample vectors, each processed by a separate estimator. In other words,

the vectors x constructed according to equation (4.9) depend only the signal

from a single source. Consequently, issues such as correlation amongst multiple

signals, which commonly affects superresolution algorithms [92–96], do not exist

in the context hereby. If implemented that way, the application of superresolution

algorithms to multipoint ranging are more closely related to Pisarenko’s original

harmonic decomposition algorithm [65], than to derivative methods such as

MUSIC. Obviously, however, multiple sample vectors pertaining to different

sources can also be decorrelated and processed jointly to save computational

complexity.

4.3 Optimization of ToA and PDoA Range Sampling via

Golomb Rulers

Under the mathematical model described in Section 4.2, the optimization of ranging

resources amounts to allocating ranging cycles or frequency pairs to multiple sources,

respectively, which is directly related to that of designing Golomb rulers [66].

Indeed, referring to the example offered in the previous section on the fact that Golomb

rulers are superimposable (if so-designed), and given the general objective of reducing

the total number of cycles/frequencies required to perform multipoint ranging, we shall

now turn our attention to the design of sets of mutually-orthogonal Golomb rulers.

Golomb rulers are sets of integer numbers that generate, by means of the difference

amongst their elements, larger sets of integers, without repetition. The problem was

first studied independently by Sidon [97] and Babcock [98], but these special sets are

named after Solomon W. Golomb [99] as he was the first to popularize their application

in engineering. Before we discuss the design of Golomb rulers for the specific application

of interest, it will prove useful to briefly review some of their basic characteristics and

features.

4.3.1 Basic Characteristics and Features of Golomb Rulers

Consider a set of ordered, non-negative integer numbers N = {n1, n2, · · · , nK}, with

n1 = 0 and nK = N , without loss of generality6. This set has cardinality (or order) K,

6Since Golomb rulers are invariant to translation, we consider without loss of generality, that the
first element is 0 and the last is N . That is slightly different from the representation adopted in



74 Chapter 4: Multipoint Ranging via Orthogonally Designed Golomb Rulers

and it will prove convenient to define the length of the set by its largest element N .

Next, consider the corresponding set V of all possible pairwise differences

νk` = nk − n` (1 ≤ ` < k ≤ K). (4.15)

If the differences νk` are such that νk` = νpq if and only if (iff) k = p and ` = q,

then the set N is known as a Golomb ruler. Such sets are thought of as rulers, as

their elements can be understood as marks of a ruler, which can thus measure only the

lengths indicated by any pair of marks. In analogy to the latter, we henceforth refer to

the set V as the measures set.

It follows from the definition that the number of distinct lengths that can be measured

by a Golomb ruler – in other words, the order of V – is equal to KK−1
2 . The first key

feature of a Golomb ruler is therefore that if N has order K, then V has order KK−1
2 .

A simple example of a Golomb ruler is N = {0, 1, 4, 6}, which generates the Measures

V = {1, 2, 3, 4, 5, 6}. In this particular example, V is complete, as it contains all positive

integers up to its length, so that the Golomb ruler of order 4 is said to be perfect. In

other words, a perfect ruler allows for all lengths to be measured, up to the length of

the ruler itself.

Unfortunately, no perfect Golomb ruler exists [67] for K > 4. It is therefore typical

to focus on designing rulers that retain another feature of the order-4 Golomb ruler,

namely, its compactness or optimality in the following senses: a) no ruler shorter than

N = 6 can exist that yields KK−1
2 = 6 distinct measures; and b) no further marks

can be added to the ruler, without adding redundancy. In general, these two distinct

optimality criteria are defined as

a) Length optimality : Given a certain order K, the ruler’s length N is minimal

(N = Nopt);

b) Density optimality : Given a certain length N , the ruler’s order K is maximal

(K = Kopt).

The design of optimum Golomb rulers of higher orders is an NP-hard problem [70,100,

101]. To illustrate the computational challenge involved, the Distributed.net project

[102], which has the largest computing capacity in the world, has since the year 2000

dedicated a large share of its computing power to finding optimum Golomb rulers of

subsection 4.2.4, but will prove convenient hereafter.
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various sizes. The project took 4 years to compute the optimal Golomb ruler of order

24, and is expected to take 7 years to complete the search for the optimal order-27

ruler!

Therefore, we quickly review some known relevant methods used to construct Golomb

rulers.

4.3.1.1 Algebraic Methods

Various algebraic methods exist for obtaining Golomb rulers, the best known being the

Singer, Bose-Chowla and Ruzsa constructions [100, 103], which utilize the structure of

finite fields to produce Golomb rulers. In general, these algebraic methods yield near-

optimal rulers, although in a few cases some of the generated rulers were proved to be

optimal.

A drawback of these approaches is that they only apply to the design of rulers of

order K, where K is either a prime or power of a prime number, although it has

been demonstrated that by truncating rulers of more markers, one can construct near-

optimal Golomb rulers of smaller orders.

4.3.1.2 Exact Methods

The most efficient exact method to find Golomb rulers was proposed by J. Shearer [121]

and used to generate optimal GRs with K = 14 to 16. This method is based on the

combination of branch-and-bound algorithm with a backtracking algorithm and an

upper bound set to the length of the best known solution which influenced the results

and performance positively by avoiding divergence. This heuristic technique is used

in large parallel schemes such as the Distributed.net project mentioned in Section 4.1.

The drawback of the technique is that it requires an exhaustive search, demanding

several months or years to obtain results, even with high computational power.

4.3.1.3 Evolutionary Approaches

Due to the enormous computations required, evolutionary approaches have been

developed to find optimal and near-optimal GRs in feasible time.

Soliday et al [71] presented an efficient approach based on genetic principle, which

applies for arbitrary orders. In such method, the GRs are represented sequencea of
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K−1 unique segments. Feeney [69] studied hybridized genetic algorithms with/without

local search and possible combination with baldwanian/lamarckian learning.

Although, these approaches achieved better results, the best result obtained corre-

sponded to the execution of a genetic algorithm alone. Specifically, between orders

K = 10 to 16, it was found that the relative distance error to the known optimal GRs

are between 9.7 and 36.5% for Soliday, and 6.8 and 20.3% for Feeney.

In the context of this paper, our interest is to design orthogonal Golomb rulers, that

also come as close as possible to satisfying the length and density of the optimality

criteria described so as to optimise resources. Although a few good algorithms to

generate Golomb rulers do exist, none of the methods discovered so far are capable of

outputting rulers adhering to a specific optimality criterion. Notice moreover that the

optimality criteria described above are not necessarily sufficient to satisfy the needs of

specific applications. In addition, the orthogonality requirement adds the demand that

rulers be designed out of a predefined set of available integers W, which to the best of

our knowledge is an unsolved problem in the literature.

4.3.2 Genetic Algorithm to Design Orthogonal Golomb Rulers

Due to the aforementioned reasons, we shall take an evolutionary approach to design

Golomb rulers adhering to specific features. In the next subsection, we therefore

describe a new genetic algorithm to design the required rulers. The algorithm is a

modified version of the technique first proposed in [71], and inspired on the behaviour

of wild animals that live in small groups, such as prides of lions, and incorporate the

following components.

4.3.2.1 Representation

Following the framework proposed in [71], Golomb rulers will be represented not by their

marks, but by the differences of consecutive marks. That is, let N = {n1, n2, · · · , nK}.
Then this set will be represented by S = {s1, · · · , sK−1}, where

si = ni+1 − ni ∀ i = {1, · · · ,K − 1}. (4.16)
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4.3.2.2 Initial Population

In order to initialize the genetic algorithm an initial population of segment sets is

needed. Let smax be a design parameter describing the largest possible segment in the

desired rulers, and consider the primary set of segments S∗ , {1, 2, · · · , smax}, where

smax= {K − 1, · · · , 3K}. Then, each member Sp of the initial population is given by

an (K−1)-truncation of a uniform random permutation of S∗. In other words, each

member Sp of the initial population P is a set with K − 1 segments randomly taken

without repetition from S∗.
Notice that smax must be larger than the order K of the desired rulers, and that the

larger the difference smax −K, the larger the degrees of freedom available to construct

suitable rulers.

An initial population P of cardinality P can then be defined as a set7 of P non-equal

segment sets Sp, that is, P , {Sp}Pp=1, with Sp 6= Sq for all pairs (p, q).

4.3.2.3 Fitness Function

Once an initial population P is selected, each of the candidate rulers Sp are evaluated

according to a fitness function [70, 71, 104, 105] designed to capture how closely the

candidate ruler Sp approaches the prescribed features of the desired rulers.

Specifically, in the application of interest Golomb rulers must have:

a) length Np as small as possible for a given order (see optimality criteria in

subsection 4.3.1), so as to minimize the duration/bandwidth of the ranging

systems;

b) all marks belonging to a certain set of admissible marks W, that is, Fp = 0, such

that multiple orthogonal rulers can be generated successively;

c) no repeated measures, that is, Rp = 0, so as to maximize the expansion from Np
to Vp.

In order to define a suitable fitness function with basis on these criteria, let us denote

the set of marks and the measure set corresponding to Sp respectively by Np and Vp.
7Hereafter, whenever self-evident, we shall omit the lower and upper limits from our set of sets

notation, in the name of notational simplicity. For instance, P , {Sp}Pp=1 and P , {Sp} should be
understood as equivalently.
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Next, let the scalars Np and Fp respectively denote the length and the minimum number

of marks8 in the ruler Np that are not in the set of admissible marks W. Finally, let

Rp be the number of repeated elements in Vp. Then, the fitness function is defined as

f(Sp) , Np × (Rp + Fp + 1). (4.17)

Notice that since randomly selected candidate rulers Sp are by construction suboptimal,

Np ≥ Nopt for all p. Furthermore, the sum Rp +Fp is a non-negative integer, assuming

the value 0 only when no repetitions occur in Vp and no marks outsideW can be found

in Np, simultaneously. In other words, the minimum value of the fitness function is

exactly N and is achieved if and only if the respective candidate is indeed a Golomb

ruler satisfying all the conditions required.

4.3.2.4 Mutations

Although the fitness function has the desired property of being minimized only at

optimum choices of Sp, the underlying optimization procedure is not analytical, but

combinatorial, due to the discreteness of the optimization space (specifically, the space

of all sets of segment sequences with K − 1 elements). Therefore, in order to optimize

f(Sp) one needs to search the vicinity of Sp, which is achieved by performing mutations

over the latter.

There are two distinct types of elementary mutations that can be considered: transmu-

tation and permutation. The first refers to the case where one element of Sp is changed

to another value9, while the second refers to a permutation between two segments.

Both types of mutation have similar effects in increasing or decreasing the quantities Rp,

and Fp but different effects on Np as transmutation leads to a change while permutation

keeps it constant. But since a candidate sequence Sp is by definition already a Golomb

ruler if Rp = 0, mutation is applied to Sp only if Rp > 0. And in that case, only one of

the two types of elementary mutations is applied, randomly and with equal probability.

The elementary mutation operator will be hereafter denoted M(·), and a version of Sp
subjected to a single elementary mutation is denoted S†p such we may write S†p = M(Sp).
A sequence Sp is replaced by S†p if and only if f(S†p) < f(Sp). The mutation step

8Notice that in order to count Fp, all shifts (or translations) of Np within the range
[min(W),max(W)] must be considered, since Golomb rulers are invariant to shifts/translation.

9Since a segment of length 1 is always required in a Golomb ruler [68], si = 1 is never subjected to
transmutation [68].
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is repeated for every p until an improved replacement of Sp is found. The mutation

procedure is further iterated over the population P repeatedly until at least on candidate

sequence Sp is Golomb, Rp = 0. If no ruler can be found out of the initial population

after a certain number of mutation iterations, the algorithm is restarted with an

increased primary set S∗ , {1, 2, · · · , smax + 1}. This process is repeated until a

mutated population P† is found, which contains at least one Golomb ruler.

4.3.2.5 Selection

As a result of the mutation process described above, P† certainly contains one or more

Golomb rulers. Such rulers, however, may still violate the prescribed set of admissible

marks W – that is, may still have Fp > 0 – and may not have the shortest length

desired – i.e., Np > N .

The optimized Golomb ruler will be obtained via the evolutionary process to be

described in the sequel, which in turn requires the classification the rulers in the

population according to their function. Specifically, all sequences Sp with Rp = 0

will be referred to as a male sequence, such that the one with the smallest score f(Sp)
will be hereafter referred to as the dominant male sequence and denoted S♂. In other

words, define the set of sequences Sp with no repetition, denoted by P†♂ , {Sp|Rp = 0},
then

S♂ = {Sp ∈ P†♂|f(Sp) < f(Sq) ∀ q 6= p}. (4.18)

In turn, all the other remaining sequences will be designated as female sequences. We

shall therefore denote10 P
†
♀ , P† \ S♂.

4.3.2.6 Evolution

The evolution of the sequences occurs based on the Darwinian principle of variation via

reproduction and selection by survival of the fittest. Here, reproduction refers to the

construction of new sequences via random crossover between the male sequence and

any of the female ones, where crossover amounts to the swap of a block of adjacent

“genes” from S♂ and S♀.

Let us denote the crossover operator as C(·, ·), such that a child of S♂ and the i-

th female S♀:i in the population, generated via a single elementary crossover, can be

10Notice that this implies that “male” sequences in P
†
♂, but do not have the smallest score are

thereafter relabelled “female”.
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described as C(S♂,S♀:i). Then, the population evolves according to the following

behaviour:

• The dominant male reproduces with all females generating the children C(S♂,S♀:i);

• If any element in C(S♂,S♀:i) appears more than once, a reconstruction is applied

to such element by attributing it a new different element from the segments S∗.

• If there are any children with no repetition (Ri = 0) and with fitness function

lower than that of S♂, then the child with the lowest score amongst those takes

the place of the dominant male, that is

S♂ ← {C(S♂,S♀:i) | Ri = 0 and f(C(S♂,S♀:i)) < f(S♂)}; (4.19)

• All other sequences are considered female, and out of original females and their

children, only the best P − 1 sequences, i.e. the ones with the lowest scores,

remains in P†.

A pseudo-code of the genetic algorithm described above is given in Appendix A. Due

to the “pride of lions” evolutionary approach employed in the proposed algorithm,

convergence to desired rulers is significantly faster then that achieved with the “giant

octopus11” approach taken in [71], where both parent sequences are destroyed during

the crossover process.

Let us first remark that the computational complexity of the ruler design technique is

not relevant for the application in question (multipoint ranging), because that process

occurs off-line. For example, in a ToA-based system, a specific frame structure is set

and fixed, such that the number of slots available for ranging is known and invariable.

Similarly, for PDoA systems a given set of frequencies is used which cannot be changed

due to other constraints originating form the communications usage of the radios.

4.3.2.7 Efficiency of the Genetic Algorithm

In order to evaluate the performance of the proposed genetic algorithm, a set of

simulations conducted for order K = 5 to 15 was performed. In the simulations,

the initial population size was P = 100 and the maximum number of mutations and

crossovers were both set to G = C = 50, respectively.

11It is known that both the female and male Pacific giant octopuses parish shortly after the hatching
of their eggs [106].
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The results achieved after 10 runs are compiled in Table 4.1, where a comparison against

Golomb rulers obtained using Soliday’s and Feeney’s algorithm [69, 71] is shown. The

comparison is based on the average relative errors, defined as

η , E

[
N −Nopt

Nopt

]
, (4.20)

whereNopt is the length of the shortest-known (optimal) ruler with the same cardinality.

The Table illustrates that the proposed genetic algorithm finds multiple orthogonal

optimal and near optimal Golomb rulers forK=9 toK=16, all the while outperforming

the algorithms proposed by Soliday and Feeney.

Table 4.1: Comparison of Average Relative Error of Golomb Rulers

K Nopt Soliday [71] Feeney [69] Proposed
(P=4)

Proposed
(P=7)

5 11 0.0% 0.0% 0.0% 0.0%

6 17 0.0% 0.0% 0.0% 0.0%

7 25 0.0% 0.0% 0.0% 0.0%

8 34 2.94% 0.0% 0.0% 0.0%

9 44 0.0% 6.8% 0.0% 0.0%

10 55 12.7% 12.7% 9.1% 7.27%

11 72 9.7% 11.1% 8.33% 6.94%

12 85 21.2% 18.8% 14.1% 10.59%

13 106 17.0% 15.1% 15.1% 12.26%

14 127 32.2% 15.0% 17.3% 13.39%

15 151 36.4% 18.9% 19.9% 16.56%

It is found that even if the population considered during the evolution process is main-

tained to the minimum, replacing parents only by better offsprings tends to improve

results as K grows. More importantly, a substantial and consistent improvement is

achieved if P > 2, such that the best (male) ruler can “reproduce” with multiple

females.

Thanks to the modified fitness function (see equation (4.17) compared to [71, Eq.

(4)]), which not only includes a direct term (i.e., Fp) to account for the utilization of

forbidden marks, but also is only minimized when sequences are in fact Golomb rulers,

the algorithm here proposed is capable of generating any desired number of orthogonal

Golumb rulers, provided that smax is sufficiently large. This is achieved by subsequent

executions of the algorithm, each time with W reduced by the marks of the rulers
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already generated.

4.3.3 Explicit Example

For the sake of clarity, let us provide an example of how the proposed genetic algorithm

described in the preceding subsection works. To this end, consider that we seek to

obtain a few mutually orthogonal Golomb rulers of order K=10, with marks admissible

within W = {0, 1, 2, · · · , 99} and largest segment smax = 3K.

Following step 1), the algorithm works not with the rulers themselves, but with sets

given by the corresponding consecutive segments. And since the desired rulers must

have K marks, the sets of segments Sp must have each K − 1 elements, such that the

complete population of segment sets is given by all possible distinct combinations of

K − 1 numbers out of S∗ , {1, 2, · · · , smax}.
Clearly this is much too large a number of sequences to be considered. We therefore

start instead with a much smaller initial population sample P, of a chosen cardinality,

say P = 50. In order to obtain P according to step 2), we then construct 50 sets Sp,
each being a set with K − 1 segments randomly taken without repetition from S∗ ,
{1, 2, · · · , 3K}. For instance, P = {{1, 10, 7, 8, 25, 3, 14, 6, 4}, {9, 15, 5, 3, 1, 14, 26, 2, 4},
· · · } would be an example of the first few members of the initial population.

Next, following steps 3) and 4), the population P undergoes mutation (transmutation or

permutation) and ranking according to their fitness scores, until one or more mutated

sequences Sp with Rp = 0 emerge. The sequence with Rp = 0 and the lowest score

is selected as the dominant male sequence, and all other sequences are referred to

as female, as described in step 5). Recall that male sequences are such that the

corresponding rulers are Golomb, since they do not yield measure repetition.

To provide an explicit example of the result of the mutation process, it can be seen

that after a slight mutation the first member of the initial population shown above can

be transformed12 to S♂ = {1, [14], (13), [3], 25, (28), (12), 6, 4}, while the first female

sequence can mutate to S♀:1 = {[8], 15, 5, 3, 1, 14, [28], (4), (2)}.
The sequence S♂ above is indeed associated with a Golomb ruler (R♂ = 0), namely,

N♂ = {0, 1, 15, 28, 31, 56, 84, 96, 102, 106}, while the ruler associated with S♀:1, given

by N♀:1 = {0, 8, 23, 28, 31, 32, 46, 74, 78, 80}, is not Golomb as R♀:1 = 9.

12In order to ease visualization of which “genes” have mutated, we highlight permuted and trans-
muted “genes” respectively with [·] and (·).
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Notice that both rulers adhere to the design constraint of K = 10. However, it can

also be seen that the ruler N♂ contains two forbidden marks (Fp = 2), namely, 102

and 106, which do not belong to W. Therefore, this sequence does not minimize the

fitness score and the algorithm proceeds to the evolutionary stage.

Within the evolutionary stage, cross-breading between the male sequence and all female

sequences occur, as described in step 6), typically generating an improved male sequence

in each iteration, until eventually a male sequence emerges that has both R♂ = 0 and

F♂ = 0, minimizing the fitness score and stopping the process.

As for example, it can be seen that the segment set S♂ = {1, (15), (5), 3, 25, (14), 12, 6, 4},
can be obtained from the cross-over of genes 14 ↔ 15, 13 ↔ 5 and 28 ↔ 14 between

the previous male and female sequences. This latter set is associated with the ruler

N♂ = {0, 1, 16, 21, 24, 49, 63, 75, 81, 85}, which appears on the left column of Table 4.2.

As a result of all the above, the algorithm outputs a first Golomb ruler with the

desired constraints, specifically, K = 10, N ≤ 99. Next, subtracting the marks

already allocated from the permissible set of marks, we obtain a new set W =

{2, · · · , 15, 17, · · · , 20, 22, 23, 25, · · · , 48, 50, · · · , 62, 64, · · · , 74, 76, · · · , 80, 82, · · · , 84, 86,

· · · , 99}.
The genetic algorithm is initialized again with the same order K = 10 and same primary

set of segments S∗ , {1, 2, · · · , 3K}, but with the updated set of admissible marks W.

A new initial population is selected randomly according to step 2, yielding for example

P = {{1, 8, 21, 13, 11, 4, 12, 6, 14}, {1, 11, 4, 13, 9, 10, 14, 7, 18, 6}, · · · } and all other steps

are executed subsequently as described earlier.

A possible outcome of this second run is the rulerN♂ = {2, 3, 11, 32, 45, 56, 60, 72, 78, 92},
which is (by design) orthogonal to the one obtained earlier and is also listed in Table

4.2. Repeating this process three more times resulted in the other rulers shown on the

left column of Table 4.2, all of which are mutually orthogonal by design.

Before we conclude this section, let us remark that the above is only one of two distinct

ways to run the proposed genetic algorithm. Specifically, notice that by fixing K = 10

we obtain mutually orthogonal rulers of different lengths, but one could instead allow

K to vary in order to satisfy a prescribed length N .

This approach is motivated by the fact that the corresponding array-like vectors (see

equation (4.9)) will have the same aperture, which in turn is directly related to the

accuracy of the corresponding distance estimation via superresolution algorithms. This
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choice is referred to as Equivalent13 Resource Quality (ERQ) grouping.

The other possibility discussed previously, in which the Golomb rulers with the same

cardinality K are generated, is motivated by the fact that, in the context hereby, each

marker in the ruler corresponds to a measurement that is taken, so that such rulers

imply that the same number of ranging cycles/frequencies by all pairs. This approach

is therefore referred to as Fair Resource Allocation (FRA).

Examples of Golomb rulers obtained with the algorithm described above and grouped

according to the ERQ and FRA criteria are listed in Table 4.2. It can be observed that,

as desired and by design, no two identical numbers can be found in two different rulers

within the same group, such that the rulers in the same group are mutually orthogonal.

To illustrate the importance of this feature, multipoint ranging between a source and

5 different anchors can be carried out simultaneously within a block of no more than

100 cycles/frequencies by taking only 50 ToA/PDoA measurements according to the

rulers displayed in Table 4.2. Furthermore, this can be achieved either with equivalent

ranging quality using the group of ERQ rulers, or with fairly allocated resources using

the group of FRA rulers, respectively.

Table 4.2: Examples of Golomb Rulers with FRA and ERQ Designs.

K Fair Resource Allocation N M K Equivalent Resource Quality N M

10 0,1,16,21,24,49,63,75,81,85 85 45 9 0,1,7,10,30,41,45,63,87 87 36

10 2,3,11,32,45,56,60,72,78,92 90 45 9 2,3,6,32,37,49,56,76,89 87 36

10 5,9,15,29,42,51,68,80,91,96 91 45 10 4,5,16,20,33,42,52,66,73,91 87 45

10 6,13,17,19,33,43,61,62,84,93 87 45 11 8,9,18,21,38,46,53,72,77,93,95 87 55

10 12,14,22,27,28,46,66,73,77,94 82 45 11 12,13,17,25,31,47,68,70,79,96,99 87 55

4.4 Error Analysis and Comparisons

In this section, we analyse the performance of the multipoint ranging approach

described above, both with PDoA and ToA measurements. To this end, we first derive

the Fisher Information Matrices and associated Cramer-Rao Lower Bounds (CRLB)

corresponding to the algorithms and later offer comparisons with simulated results.

Since related material on ToA can be found more easily [72,73], we shall consider first

13As shall be demonstrated in Section 4.4, unequal Golomb rulers with the same K and N , may still
have different CRLBs.
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the PDoA case and offer only a synthesis of the ToA counterpart.

4.4.1 Phase-Difference of Arrival

Start by recognising that phase difference measurements subject to errors are circular

random variables. The Central Limit Theorem (CLT) over circular domains establishes

that the most entropic (i.e., least assuming) model for circular variables with known

mean and variance is the von Mises or Tikhonov distribution [107]. Indeed, it is

well-known [108–110] that phase estimation errors of first and second-order phase-

locked loops (PLLs) are Tikhonov-distributed. Following such classic results, phase

measurements are modeled as

∆̃ϕ ∼ PT (x; ∆ϕ, κ) (4.21)

with

PT (x; ∆ϕ, κ) ,
1

2πI0(κ)
· exp(κ cos(x−∆ϕ)), −π ≤ x ≤ π, (4.22)

where In(κ) is the n-th order modified Bessel function of the first kind and κ is a shape

parameter which in the case of phase estimates is in fact given by the signal-to-noise-

ratio (SNR) of input signals [108, Eq. (37)], and that relates to the error variance by

σ2
∆ϕ = 1− I1(κ)

I0(κ)
−−−−−→
κ>>1

1

2κ+ 1
≈ 1

2κ
. (4.23)

Consider then that a set of K independent measurements {∆ϕk}k∈N is collected

according to a Golomb ruler N , such that the samples can be expanded into and

augmented set of M samples {∆ϕm}m∈V , with

∆ϕm = ∆ϕk −∆ϕ` = ωd(k − `) = ωdνm, for k > ` and (k, `)→ m, (4.24)

where each index m corresponds to a pair (k, `) with k > ` with ascending differences14,

and we commit a slight abuse of notation compared to equation (4.6), since νm is a

positive integer obtained from a the difference k − `, such that νm 6= m.

At this point it is worthy of mention that although the expanded samples ∆ϕm are

actually differences of phase differences, these quantities not only preserve the linear

relationship with the parameter of interest but also their independence. As a result of

14Notice that this is ensured without ambiguity thanks to the fact that N is a Golomb ruler.
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the double-differences, however, the SNR of ∆ϕm from equation (4.24) is half that of

∆ϕk from equation (4.6). In light of the asymptotic relationship, it follows that the

shape parameter κ associated with ∆ϕm’s are twice as small.

Using the model above, and incorporating the optimized sampling via Golomb ruler,

the likelihood function associated with M independent measurements as per equation

(4.6) becomes,

LT (d̃; ∆f, κ) =
M∏
m=1

PT (x; ∆ϕm, κ) =
1

(2πI0(κ/2))M

M∏
m=1

exp

[
κ

2
cos

(
4π∆f

c
νm · (d̃− d)

)]
,

(4.25)

where νm ∈ V and we have slightly modified the notation in order to emphasize the

quantity and parameter of interest d.

For future convenience, let us define α = 4π∆f
c . Then the associated log-likelihood

function is

lnLT (d̃; ∆f, κ) = −M ln 2πI0(κ/2) +
κ

2

M∑
m=1

cos
(
α · νm · (d̃− d)

)
, (4.26)

and its Hessian becomes

∂2 lnLT (d̃; ∆f, κ)

∂d2
= −α

2κ

2

M∑
m=1

ν2
m cos

(
α · νm · (d̃− d)

)
. (4.27)

The Fisher Information is the negated expectation of the Hessian, thus,

J(V; ∆f, κ) = −E
[
∂2 lnLT (d̃; ∆f, κ)

∂d2

]
=
α2κ

2

M∑
m=1

ν2mE
[
cos
(
α · νm · (d̃− d)

)]
, (4.28)

where the notation alludes to the fact that the key input determining the Fisher

Information is the set of measures V = {ν1, · · · , νM}.
Next, recognise that each term α ·νm ·(d̃−d) is in fact a centralized circular variate with

the same distribution PT (x; 0, κ/2), regardless of m. Then, substituting α · νm · (d̃− d)
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with θ, we obtain

J(V; ∆f, κ) =
α2κ

2

M∑
m=1

ν2
mE [cos θ] =

α2κ

2

M∑
m=1

ν2
m

I0(κ/2)

1

π

π∫
0

cos θ exp
(κ

2
cos θ

)
dθ

︸ ︷︷ ︸
I1(κ/2)

=
α2κ

2

I1(κ/2)

I0(κ/2)

M∑
m=1

ν2
m, (4.29)

where the integration limits in the integral above follow from evenness of the function

cos(θ) exp(κ2 cos θ), and the last equality results from the integral solution found in [111,

Eq. 9.6.19, pp. 376].

Since the above Fisher Information is a scalar, the CRLB is obtained directly by taking

its inverse, i.e.,

CRLBPDoA(V; ∆f, κ) =
1

J(V; ∆f, κ)
. (4.30)

As stated earlier in this chapter, our objective is two-fold, namely, to reduce the amount

of resources required to perform accurate distance estimation and at the same time

enable multi-point ranging to be carried out in a more sensible way than simply ranging

in a point-to-point fashion sequentially, as systems do today.

This obviously requires reducing the number of samples as well an intercalation of

ranging cycles/frequencies amongst the various ranging pairs. Now, from a sheer

information theoretical point of view, sacrificing samples incur in loss of information,

and consequently in (theoretically achievable!) performance degradation. To clarify, a

system in which a number M of optimally taken samples are available can always (in

principle) outperform another with only K < M samples.

The questions, however, are: a) how to optimally take such samples and b) if a reduction

is required, how to do so sacrificing performance as little as possible, as one may

recognize that both problems are solved in this chapter. Specifically, if one desires only

to optimize the performance of a ranging system under the constraint that M samples

are to be taken, then, our answer is that such samples must be taken according to a

Golomb ruler if M is sufficiently large, which would be demonstrated soon.

Before proceeding to the ToA case, some analytical discussion and results on the

statements offered above are in order. First, let us emphasize that given a set of phase

difference measurements {∆ϕnk}Kk=1, with nk ∈ N , one always has the option of either

exploit the properties of the Golomb ruler N and expand to a set of measurements



88 Chapter 4: Multipoint Ranging via Orthogonally Designed Golomb Rulers

{∆ϕνm}Mm=1, or not. In case such option is not adopted, the associated Fisher

Information and CRLB can obviously be obtained exactly as done above, but with

κ replacing κ/2 and N replacing V. That is,

J(N ; ∆f, κ) = α2κ
I1(κ)

I0(κ)

K∑
k=1

n2
k ⇐⇒ CRLBPDoA(N ; ∆f, κ) =

1

J(N ; ∆f, κ)
. (4.31)

Comparing these expressions, it can be readily seen that the choice of adopting the

Golomb approach on the one hand subjects the resulting double-phase-differences to

twice the noise, but on the other hand expands the number terms in the summation.

In principle, the optimum choice between these options therefore depends on the ruler

N and its order K, and the associated V and M , as well as κ.

Let us define the Fisher Information ratio

RJ(N ,V; ∆f, κ) ,
J(N ; ∆f, κ)

J(V; ∆f, κ/2)
, (4.32)

such that RJ(N ,V; ∆f, κ) < 1 indicates that expansion from N to V is advantageous.

Plots of RJ(N ,V; ∆f, κ) as a function of σ2
∆ϕ are shown in Figure 4.3. As can be

seen thereby, the ruler N = {0, 1, 4, 6}, for instance, yields superior results compared

to its associated measure set V = {1, 2, 3, 4, 5, 6}, because the loss of 3dB (implied by

κ→ κ/2) incurred by the latter is not compensated by the increase gained in the sum

of squares achieved by using V instead of N .

For larger rulers, however, the advantage of expanding the rulers quickly becomes

significant, thanks to the geometric increase of M with respect to K. A ruler of order

K = 6, e.g., N = {0, 1, 4, 10, 12, 17}, already achieves better performance expanded

into V = {1, · · · , 17} than otherwise, for σ∆ϕ ≤ 0.22. Likewise, the expanded version of

the order-10 ruler N = {0, 1, 16, 21, 24, 49, 63, 75, 81, 85} is superior up to σ∆ϕ ≤ 0.65

– which incidentally defines essentially the entire range of interest – and finally the

expanded ruler of order-20 is always superior, for any σ∆ϕ .

In summary, it can be said that applying the Golomb expansion leads to superior

results, as long as the ruler is large enough and σ∆ϕ is in the region of interest.

4.4.2 Time of Arrival

Due to the similarity of the ToA and PDoA ranging models described in Section 4.2,

the Fisher Information and CRLB for ToA-ranging with Golomb rulers are very similar
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to those given above for the PDoA case. For the sake of brevity, we therefore offer here

only a succinct derivation.

Assuming that the error on the time of arrival estimates are Gaussian-distributed, were

have

∆̂τ ∼ PG(x; ∆τ, σ2
∆τ ) =

1√
2πσ∆τ

exp

(
−(x−∆τ)2

2σ2
∆τ

)
, (4.33)

such that the likelihood function, the log-likelihood function, its Hessian and the

Fisher Information, considering already the expansion N → V ⇒ σ2
∆τ → 2σ2

∆τ and

emphasizing the quantities of interest, becomes

LG(d̃;σ2
∆τ ) =

M∏
m=1

PG(d̃; ∆τm, 2σ
2
∆τ ) =

1

(4πσ2
∆τ )M/2

M∏
m=1

exp

(
− ν2

m

c2σ2
∆τ

(d̃− d)2

)
,

lnLG(d̃;σ2
∆τ ) = −M

2 ln 4πσ2
∆τ −

1

c2σ2
∆τ

M∑
m=1

ν2
m(d̃− d)2,

∂2 lnLG(d̃;σ2
∆τ )

∂d2
= − 2

c2σ2
∆τ

M∑
m=1

ν2
m =⇒ J(V;σ2

∆τ ) =
2

c2σ2
∆τ

M∑
m=1

ν2
m. (4.34)

As discussed above, if the measurements taken according to the Golomb markers are,

however, used without taking their differences, the associated noise process has half the

variance such that

J(N ;σ2
∆τ ) =

4

c2σ2
∆τ

M∑
m=1

ν2
m. (4.35)

Similarly as the PDoA case, the Fisher Information ratio

RJ(N ,V;σ2
∆τ ) ,

J(N ;σ2
∆τ )

J(V; 2σ2
∆τ )

, (4.36)

such that RJ(N ,V;σ2
∆τ ) < 1 indicates that expansion from N to V is superior.

Plots of RJ(N ,V;σ2
∆τ ) as a function of σ∆τ are shown in Figure 4.4. As can be seen in

the figure, the ruler N = {0, 1, 4, 6}, for instance, yields superior performance expanded

into V = {1, 2, 3, 4, 5, 6} than otherwise, for σ∆τ ≤ 0.58, because the loss of 3dB (implied

by σ2
∆τ → 2σ2

∆τ ) incurred by the latter is compensated by the increase gained in the

sum of squares achieved by using V instead of N up until σ∆τ > 0.58.

For larger rulers, however, the advantage of expanding the rulers becomes much more

significant, thanks to the geometric increase of M with respect to K. It is seen that

the expanded ruler of order K = 6, order K = 6 and order K = 6 are always superior,
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for any σ∆τ .

In summary, it can be said that applying the Golomb expansion leads to superior

results, as long as the ruler is large enough and σ∆τ is in the region of interest.

4.4.3 Simulations and Comparison Results

Let us finally study the performance of the proposed multipoint ranging technique by

means of simulations and comparisons with the corresponding CRLBs derived above.

For the sake of brevity, we will consider only PDoA ranging as all results obtained with

the ToA approach are equivalent and similar to those in Section 3.5.

First, consider Figure 4.5, where the performances of two classic superresolution

algorithms – namely the Music and Root Music algorithms of briefly described in

Subsection 4.2.4 – are compared against the CRLB derived in Subsection 4.4.1. Plots

are shown both as a function of K for various σ2
∆ϕ and vice-versa, and for the sake of

having a practical reference, we include also results obtained by simply averaging the

distance estimates corresponding to all independent samples.

We emphasize that in this Figure no Golomb ruler is used. Instead, a sequence of K

consecutive samples is collected for each range estimate, as typically assumed in existing

work [112,113].

One fact learned from these plots – and is particularly visible in Figure 4.5(a) – is

that without the efficient use of samples made possible by the Golomb ruler approach

here proposed, superresolution algorithms require a large number of samples in order

to reach the CRLB, which is a problem since resources such as energy consumption

and latency are directly related to the number of samples collected.

Another fact of relevance that can be learned, however, is that although supperreso-

lution methods do improve on a “naive” average-based estimator, that gain in itself is

not that significant unless the number of samples K is rather large. This is highlighted

in Figure 4.5(b), where it is seen that with K = 10, the simple average-based algorithm

has essentially the same performance of MUSIC.

These results emphasize the significance of our contribution, by demonstrating that the

efficient utilisation of samples is fundamental to reap from superresolution algorithms

their true potential performance. This is further illustrated in Figure 4.6(a), where

it can be seen that thanks to the Golomb sampling superresolution algorithms with a

relatively small number of samples come much closer to the CRLB.
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Figure 4.7: Performance of superresolution ranging algorithms as a function of the

sample set sizes K and length N , and the phase error variance σ2
∆ϕ, both with Golomb-

optimized sampling.
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ERQ and FRA ruler allocation approaches.



96 Chapter 4: Multipoint Ranging via Orthogonally Designed Golomb Rulers

Considered in coordination with the results of Figure 4.3, it can be generally said

that a Golomb-optimized scheme with a total of 10 samples, taken at frequencies

corresponding to an accordingly Golomb ruler N expanded into the associated measure

set V, followed by MUSIC estimation is an excellent choice for PDoA ranging.

Also, Golomb rulers are individually analysed for ranging so as to shed more light on

their choice in relation to its sample set size K and length N . As seen in Figure 4.7(a),

the Golomb ruler with a larger sample set length N = 91 performs better than the

ruler with length N = 82 for an equal sample set size K = 10. Similarly also in Figure

4.7(b), for an equal sample set length N = 87, obviously the Golomb ruler with a larger

sample set size K = 11 performs better than the ruler with size K = 9.

In fact, as illustrated by Table 4.2, such a choice also allows for an easy design of various

orthogonal Golomb rulers, such that multipoint ranging can be efficiently performed.

But since in this case a choice also can be made between the ERQ and FRA ruler

allocation approaches, a fair question to ask in this context is what are the performances

of corresponding choices.

This is addressed in Figure 4.8, where the average performances of an ERQ and an FRA

multipoint ranging schemes employing the rulers shown in Table 4.2 are compared

against corresponding CRLBs. The figure shows that in fact both approaches have

similar performances relative to one another and relative to the CRLBs.

4.5 Conclusions

We offered an efficient and accurate solution to the multipoint ranging problem, based

on an adaptation of superresolution techniques, with optimized sampling. Specifically,

using as examples the specific cases of Time of Arrival and Phase-Difference of Arrival,

unified under the same mathematical framework, we constructed a variation of the

MUSIC and Root MUSIC algorithm to perform distance estimation over sparse sample

sets determined by Golomb rulers. The design of the mutually orthogonal sets of

Golomb rulers required by the proposed multipoint ranging method – a problem that

founds no solution in current literature – was shown to be achievable via a new

evolutionary genetic algorithm, which was also shown to outperform the best known

alternative when used to generate optimal rulers. A Cramèr-Rao Lower Bound analysis

of the overall optimized multipoint ranging solution was performed, which compared to

simulated results quantified the substantial gains achieved by the proposed technique.



Chapter 5

Application for Indoor Wireless

Localization

5.1 Introduction

Wireless localization is a very mature area of research, with plenty of work done in

recent years both in academia and industry [21, 27]. Despite the amount of effort put

into this problem, wireless positioning systems are still far off their potential as an

ubiquitous and real-time locating technology [8, 9, 11].

Ubiquity requires the technology to be available in every environment, while real-time

technology implies automatic identification and tracking within an environment. It is

well-known that wireless localization systems are still inaccurate and unreliable in places

such as urban cities and indoors, which are characterized by high multipath propagation

and scarcity of LOS conditions. In comparison to the quality and omnipresence

of satellite- and cellular-based systems (GPS and Mobile networks) in open outdoor

spaces, indoor positioning systems [74–76] are still quite fragile and under-deployed.

For currently deployed indoor positioning systems, performance is mostly evaluated in

terms of accuracy in target location and tracking, which is not sufficient in evaluating

positioning systems. An indoor positioning system which satisfies performance mea-

sures and solves open challenges in wireless localization such as accuracy, precision,

efficiency, complexity, robustness and cost is necessary. Therefore, we seek to present

ranging and trilateration techniques (utilizing simulation and a positioning evaluation

kit for range measurements acquisition) which satisfy some of the necessary performance

97
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metrics required for wireless localization.

To enable the implementation of some of the techniques described in this thesis, an

indoor positioning system which allows the estimation of a target’s position using PDoA

ranging (based on its advantage over other traditional ranging techniques) is required.

As a result, the ZigBee-based (IEEE 802.15.4 complaint) positioning evaluation kit

developed by ZIGPOS GmbH [75] based on Atmel’s phase measurement ranging

technology [114] was purchased for this research. This technology is already an energy

efficient, scalable and low cost real-time location system which offers the flexibility to

modify its radio transceiver parameter configuration, ranging measurement and network

parameter configuration to obtain Phase Measurement Units (PMU) according to the

uniform and non-uniform ranging models described in Subsection 4.2.2 and shown in

Figure 4.2.

In this chapter, we present two accurate ranging techniques to obtain multiple mea-

sured distances from a single realization of phase measurements by – 1) applying

superresolution techniques to different permuted set of phase measurements with

an outliers detection technique, and 2) a new slope sampling algorithm utilizing a

resolution tolerance and confidence threshold peak search on the obtained spectrum

of the residues. The acquired multiple distances are used to estimate the position

of the target position using the most accurate state-of-the-art localization algorithm

– SMDS evaluated in Chapter 1 which requires an initial target estimate. The

initial target estimate will be obtained from the intersections of measured distances

(estimates obtained from ranging algorithms) and the target position from the previous

realization of phase measurements. These techniques seek to solve some very important

performance measures in indoor positioning system (efficient, accuracy, precision and

robustness) in two different network localization scenarios (inside and outside of the

anchors) for target localization. It is important to mention that we are not providing

a technology, rather proposing and implementing algorithms and techniques for an

accurate wireless localization.

For the rest of this chapter: in Section 5.2, a brief description of the ZIGPOS positioning

kit with descriptions and specifications are provided. Then, we introduce the system

model for ranging and positioning as well as different network localization scenarios,

which is followed by proposing new ranging techniques as well as trilateration techniques

for target localization in Section 5.3. Results and performance evaluation of the

proposed techniques for target localization are provided in Section 5.4, while conclusions

are presented in Section 5.5.
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(a) The REB233SMAD-EK hardware platform [114].

(b) The positioning kits and RTLS toolbox evaluation application and kit [32].

Figure 5.1: The ZIGPOS-RTLS Positioning Evaluation Technology.
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5.2 ZIGPOS Positioning Evaluation Kit

The ZIGPOS positioning evaluation kit is a ZigBee-based (built on the IEEE 802.15.41

low-rate, wireless personal area networks (LoWPAN) standard) set of devices which

were developed by ZIGPOS gGmbH in cooperation with Dresden elektronik [32, 75]

for an easy to use, energy efficient, scalable and low cost indoor and outdoor real-time

location system based on Atmel’s phase measurement ranging technology (only indoor

environment will be considered for evaluation in wireless localization).

The evaluation kit contains the easy to use ZIGPOS-RTLS toolbox evaluation appli-

cation, a powerful software used to obtain the PMUs, multiple anchors (FFDs) and

tags or targets (RFDs) as well as a coordinator or a gateway (FFD) which interfaces

to a terminal application (computer system) for evaluating the performance of the

technology in different applications [32]. From an engineeering and technical approach,

the RTLS toolbox evaluation application is operated on an 8-bit Atmel Microcontroller

Base Board with a recently developed REB233SMAD-EK hardware platform shown in

Figure 5.1(a). The REB233SMAD-EK is a brand new state of the art device containing

a unique set of the 2.4GHz RF transceiver AT86RF233 combined with the prominent

microcontroller base board is able to evaluate radio transceiver PMUs, and modify

functionality features such as transceiver radio, ranging measurement and network

parameter configuration, and commands to automate ranging measurements [115].

The REB233SMAD-EK comprises two components – Radio Extender Board and

Controller Base Board along with a USB port to enable connectivity with the PC

terminal. The Radio Extender Board modules are assembled based on AT86RF233

radio transceiver which support IEEE 802.15.4 and ZigBee compatible communications

with two SubMiniature version A (SMA) antennas to demonstrate an hardware-based

antenna diversity attribute so as to improve the robustness of the radio link in harsh

RF channels [115] and obtain accurate phase measurement add-on units, thereby

enabling low cost and energy efficient combination of radio communication and position

1The IEEE 802.15.4 physical layer approves three different radio bands which are the 2.4GHz ISM
band with 16 channels and 250Kbps data rate (Worldwide), 915MHz ISM band with 10 channels
and 40Kbps data rate (Americas) and finally, the 868MHz band with one channel and 20Kbps data
rate (Europe). The transmission range of a ZigBee-based device is between 1 and 100 meters. The
ZigBee standard defines two devices which are Full Function Devices (FFDs) and Reduced Function
Device (RFDs). FFDs serve as a regular wireless device and can as a network coordinator or gateway,
enabling communication with any other device. RFDs are utilized for simpler applications and can
only communicate with FFDs. A ZigBee-based network is known to scale up to over 65,000 nodes
while utilizing a trust center-based authentication with a 128-bit Advanced Encryption Standard
cryptography for security [82].
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estimation of a wireless sensor node. The connection between the two REB233SMAD-

EK components, form a completely functional and battery enabled wireless device.

Using the evaluation positioning kits in Figure 5.1(b), our input is reduced to de-

veloping and implementing ranging and trilateration techniques and algorithms for

wireless localization capable in indoor and outdoor environments. This kit provides

comprehensive monitoring, control and commissioning of network capabilities as well

as ranging parameters such as frequency correction, antenna diversity, start and stop

frequencies, frequency step, distance offset, and transmit power to easily deploy various

network parameters and conditions. With the use of the graphical user interface, little

or no in-depth knowledge in programming and IEEE 802.15.4 standards are required

to evaluate the positioning kit.

In the next section, we present a system model for ranging and positioning with the two

different network localization scenarios, and provide a detailed description of presented

ranging techniques and algorithms, which are implemented to improve the accuracy

of distance estimation followed by proposing new trilateration techniques implemented

for a robust, accurate and precise target wireless localization.

5.3 Ranging and trilateration techniques

5.3.1 System Model

Consider a network of N nodes in an η-dimensional Euclidean space, out of which

devices indexed 1, · · · , Nt are target nodes which have no knowledge of their location

(sometimes called sources), while devices indexed Nt+1, · · · , Nt+Na are anchor nodes,

i.e. reference devices of a priori known location. For comprehensibility, we will therefore

consider the case of when η = 2, with the remark that the analysis to follow can be

straightforwardly extended towards η > 2.

The localization problem consists of estimating the location of target nodes, given the

knowledge on the location of anchors, and a set of measured distances amongst these

various devices, which are typically affected by noise and bias [42].

To elaborate, let the coordinates of the i-th target be denoted by (xi, yi), and let us

append the ordinates of all targets into the vector θx, and the corresponding abscises

into the vector θy, such that the targets’ coordinate vector to be estimated can be

described by
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Θ , [θx,θy] = [x1 , · · · , xNt , y1 , · · · , yNt ]. (5.1)

Likewise, the coordinates of the j-th anchor can be denoted as (xj , yj) and therefore,

we describe all anchors’ coordinate vector by

Φ , [φx,φy] = [xNt+1 , · · · , xNt+Na , yNt+1 , · · · , yNt+Na ]. (5.2)

It is assumed that when a pair of devices are able to communicate with one another,

they can measure the mutual distance between each other, a process which is hereafter

referred to as ranging. Ranging measurements are, however, customarily affected by

noise and often not conducted over a LOS link between communicating devices. In

NLOS and multipath conditions, additional ranging error in the form of a positive

deviation from the true distance appears, which is referred to as bias. For simplicity,

however, we will combine the ranging errors for both noise and bias. Under these

assumptions, the ranging model applicable to a pair of devices i-th and j-th is given

by

d̃ij = dij + vij ≡
√

(xi − xj)2 + (yi − yj)2 + vij , (5.3)

where d̃ij is the measured distance, dij is the true distance and the so-called residual

noise vij is the ranging error resulting from both noise and bias in the wireless channel

either in LOS or NLOS conditions.

In the next subsection, we provide a description of the different possible network

localization scenarios for ranging and positioning.

5.3.2 Network Localization Scenarios

Two different and common network localization scenarios are possible as a result of the

connection between a target and multiple anchors in a wireless network. The network

localization scenarios are such that the targets Θ are either inside the convex hull

C(Φ) of the anchors or outside the convex hull C(Φ) of the anchors, where the C(Φ)

is the convex hull of Φ, i.e., the smallest convex set comprising the anchors as seen

in Figure 5.2. The inside the convex hull scenario is the default scenario in indoor

wireless localization originating from cellular and mobile networks, where anchors or

base stations surround the target or mobile user, while the unpopular outside the convex

hull scenario does occur mostly in situations where targets encounter communication

and ranging difficulties with anchors, and also when targets are located in the corridor

of a building while anchors are inside the rooms or offices.
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(a) Target inside C(Φ).

 

 

Anchors
Target

(b) Target outside C(Φ).

Figure 5.2: Network Localization Scenarios.
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5.3.3 Ranging Techniques

For an accurate estimation of the mutual distance between a pair of devices e.g. an

anchor and a target, robust and accurate ranging techniques are necessary. Therefore,

we seek to present accurate ranging techniques to be applied on Phase-Difference

of Arrival (PDoA) measurements computed from Phase Measurement Units (PMU),

which are to be obtained from the ZIGPOS positioning kit. Therein, let us quickly

describe the steps involved in obtaining PMUs.

For the computation of PMUs, as illustrated in Figure 4.2, an anchor A acting as an

initiator emits a continuous sinusoidal wave of frequency f with a known PMU and

the target T acts as an active reflector, such that A can measure the PMU of the

received (reflected) signal. In this thesis, the carrier frequencies to be used for emitting

the continuous sinusoidal waves are from the free unlicensed 2.4 − 2.5GHz Industrial,

Scientific and Medical (ISM) radio bands channels available worldwide. The PMUs

are obtained using a specified set of carrier frequencies F = {fn1 , · · · , fnK} such that

the minimum frequency difference ∆f = min
[
fnk+1

− fnk
∣∣∣ k = 1, · · · ,K − 1

]
so as to

optimize resources (frequencies and time), where N = {n1, · · · , nK} is a Golomb ruler.

The REB233SMAD-EK hardware platform of the positioning kit operates on an 8-bit

microcontroller board, which results in PMUs having integer values between 0 and 255

as seen in Figure 5.3. It is easy to note a few of the ranging configuration parameters

used in obtaining PMUs on the first row such as the timestamps, start frequencies =

2403.0MHz, frequency step = 0.5MHz etc. Subsequently from the second row, entailed

in its first column are the carrier frequencies F = {2403.0, 2408.5, · · · , 2483.0}MHz and

the remaining columns are the known PMUs of the transmitted signal, PMUs of the

reflected signal and a zero vector (0). Each of the transmitted and reflected PMUs, for

a given frequency, have an equal number of snapshots S

S =
number of columns − 2

2
,

which is the number of transmitted or received PMU measurements in each frequencies.

The transmitted and reflected PMUs are converted to transmitted and reflected phases

utilizing

ϕ̃ ,
2π · PMU

28
, 0 ≤ ϕ̃ ≤ 2π, (5.4)
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fec:n/a, freqSet: 2, startFreq: 2403.0, beaconNum: 82, beaconSlot: 

0, timestamp: 1386944874862 

2403.0, 92, 94, 97, 66, 18, 6, 60, 255, 0, 46, 117, 255, 127, 9, 2, 

255, 13, 13, 14, 17, 19, 29, 26, 25, 32, 34, 36, 40, 37, 47, 50, 49, 

0 

2408.5, 6, 11, 12, 103, 103, 107, 108, 105, 109, 113, 114, 116, 127, 

122, 124, 132, 119, 120, 125, 132, 135, 136, 131, 139, 138, 138, 

134, 148, 148, 145, 154, 157, 0 

2410.0, 53, 59, 60, 15, 19, 19, 20, 30, 23, 28, 32, 28, 36, 40, 40, 

48, 155, 160, 162, 163, 159, 170, 169, 176, 172, 182, 175, 184, 184, 

183, 183, 195, 0 

2410.5, 48, 53, 59, 65, 68, 68, 69, 71, 73, 78, 77, 80, 84, 95, 90, 

95, 152, 149, 142, 154, 158, 155, 160, 163, 168, 167, 169, 169, 182, 

174, 176, 183, 0 

2415.0, 197, 195, 207, 56, 58, 64, 67, 68, 72, 73, 77, 74, 73, 81, 

89, 78, 0, 3, 255, 5, 7, 8, 16, 16, 19, 22, 22, 25, 31, 31, 35, 33, 

0 

2425.5, 19, 28, 27, 210, 208, 209, 206, 214, 219, 217, 219, 224, 

229, 233, 235, 233, 235, 233, 235, 232, 236, 244, 233, 248, 251, 2, 

253, 1, 254, 2, 6, 8, 0 

2433.5, 66, 72, 70, 32, 24, 28, 33, 42, 39, 47, 42, 45, 46, 57, 47, 

52, 178, 189, 196, 194, 193, 196, 197, 204, 204, 213, 210, 217, 215, 

213, 221, 221, 0 

2445.0, 178, 182, 187, 75, 78, 82, 84, 85, 86, 86, 84, 104, 100, 99, 

100, 107, 154, 158, 166, 162, 166, 167, 174, 176, 170, 178, 180, 

185, 193, 186, 192, 192, 0 

2454.5, 237, 240, 241, 182, 193, 198, 199, 192, 200, 200, 200, 206, 

213, 215, 218, 224, 115, 121, 113, 123, 133, 127, 125, 132, 137, 

136, 139, 142, 144, 148, 147, 150, 0 

2463.0, 65, 63, 65, 236, 236, 247, 252, 249, 250, 255, 5, 8, 5, 8, 

9, 12, 117, 125, 127, 127, 130, 136, 133, 135, 144, 146, 151, 144, 

144, 152, 160, 158, 0 

2465.5, 152, 160, 150, 66, 68, 70, 72, 73, 73, 74, 83, 85, 88, 87, 

95, 100, 174, 183, 185, 188, 184, 185, 195, 198, 198, 203, 197, 209, 

207, 211, 210, 216, 0 

2469.0, 89, 88, 86, 152, 158, 165, 160, 160, 164, 173, 173, 173, 

171, 179, 176, 179, 53, 52, 52, 51, 54, 55, 57, 68, 63, 66, 80, 82, 

78, 75, 83, 81, 0 

2479.0, 20, 20, 27, 89, 90, 96, 98, 95, 100, 105, 102, 106, 113, 

121, 123, 115, 145, 157, 160, 154, 160, 161, 168, 171, 176, 169, 

166, 182, 184, 178, 182, 186, 0 

2482.0, 143, 138, 146, 26, 32, 34, 37, 31, 36, 42, 52, 47, 49, 51, 

55, 60, 255, 3, 5, 1, 12, 11, 12, 22, 21, 23, 28, 23, 28, 36, 33, 

36, 0 

2483.0, 176, 181, 181, 149, 147, 148, 148, 151, 156, 162, 162, 164, 

168, 171, 177, 174, 30, 32, 31, 40, 35, 44, 45, 46, 47, 47, 58, 61, 

60, 57, 58, 63, 0 

 

Figure 5.3: A single realization of measured PMUs from the ZIGPOS positioning kit

[32].
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
ϕ̃TX1fn1

. . . ϕ̃TXSfn1
| ϕ̃RX1fn1

. . . ϕ̃RXSfn1

ϕ̃TX1fn2
. . . ϕ̃TXSfn1

| ϕ̃RX1fn2
. . . ϕ̃RXSfn2

... . . .
...

ϕ̃TX1fnK
. . . ϕ̃TXSfn1

| ϕ̃RX1fnK
. . . ϕ̃RXSfnK

 , (5.5)

and the resulting measured phases by taking all possible pairwise differences between

the transmitted phases [ϕ̃TX1fnk
, · · · , ϕ̃TXSfnk

] and reflected phases [ϕ̃RX1fnk
, · · · , ϕ̃RXSfnk

]

for each frequencies F = {fn1 , · · · , fnK} using equation (4.4) is

Φ̃ , Φ̃RX − Φ̃TX = [ϕ̃N :1, · · · , ϕ̃N :S2 ]

Φ̃ =


ϕ̃n1

ϕ̃n2

...

ϕ̃nK

 =


ϕ̃n1:1 . . . ϕ̃n1:S2

ϕ̃n2:1 . . . ϕ̃n2:S2

... . . .
...

ϕ̃nK :1 . . . ϕ̃nK :S2

 , −2π ≤ ϕ̃ ≤ 2π, (5.6)

Next, we take a look at the phase measurements Φ̃ as a function of the frequencies F,

then estimate the phase errors and their distribution. Finally, we present new ranging

techniques along with algorithms already described in previous chapters to improve

phase measurements and compute accurate measured distances.

5.3.3.1 Phase Measurements

A common constraint encountered in phase measurements obtained from a wireless

environment, is that the measured phases Φ̃ are quantized between −2π and 2π as

plotted in Figure 5.4(a), which results in Φ̃ not increasing linearly across all frequencies

FN as depicted by equation (4.5). This problem becomes evident in the fact that the

computation of d̃ is directly dependent on the gradient ∆ϕ
∆f as seen in equation (3.1).

The plot of measured phases Φ̃ against frequencies F should be a smooth straight line,

which is not the case in Figure 5.4(a). Therefore, this is achieved using an unwrap

algorithm which corrects ϕ̃N :s across all frequencies F for a given snapshot s by adding

multiples of ±2π when the absolute jumps between consecutive elements of ϕ̃N :s are

greater than or equal to the jump tolerance of π.

A pseudo-code of the unwrap algorithm is given in Appendix A, with the result of the

unwrap algorithm on the measured phases Φ̃ shown in Figure 5.4(b). For a given true
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distance d, the resulting true phases ϕ are obtained using equation (4.4) as

ϕ , ϕ
RX
−ϕ

TX
=

4πd

c
F− 2πL, (5.7)

where L = floor(d · Fc ) denotes the number of complete sinusoidal cycles.

The objective of the unwrap algorithm is to achieve smoothness of the phase mea-

surements ϕ̃, and also enable the easy estimation of measured distance d̃ using a

simple algorithm. Due to this smoothness, d̃ can be accurately estimated from a single

snapshot s using the average ranging technique in equation (4.5)

d̃ = ∇ · c
4π

=

K∑
k=1

fnk · ϕ̃nk:s −
1

K

K∑
k=1

fnk ·
K∑
k=1

ϕ̃nk:s

K∑
k=1

f2
nk
− 1

K

( K∑
k=1

fnk

)2
· c

4π
, (5.8)

where ∇ = ∆ϕ
∆f is the gradient the measured phases as a function of frequencies in

Figure 5.4(b) which directly determines d̃.

For the average ranging technique, results showed that the measured distances d̃ have

errors ranging between 11cm and 31cm as the measured phase measurement units were

evaluated in LOS channel conditions. This confirms that in a clean wireless channel, the

simple average technique is an adequate algorithm for measuring the distance between

communicating devices using PDoA measurements with multiple carrier frequencies.

Taking a closer look at the measured phases2, the errors are said to be subject to

independent and identically distributed Tikhonov random errors as stated in Subsection

4.4.1. To put this in perspective, we estimate the error on the phase measurements

by taking the difference between the measured phases ϕ̃N :s and its corresponding

estimated phases ϕ̂N :s, for a single snapshot s. The estimated phases ϕ̂N :s of ϕ̃N :s for

a single snapshot s are given by

ϕ̂N :s = ∇ · F+
1

K

K∑
k=1

ϕ̃nk:s −∇ ·
1

K

K∑
k=1

fnk , (5.9)

and the phase measurement errors εϕ̃ on the measured phases ϕ̃N :s as

εϕ̃ = ∠

(
exp(jϕ̃N :s)

exp(jϕ̂N :s)

)
, (5.10)

where ∠(−) returns the phase angles in radians of the complex elements (-).

2Subsequently, all measured phases ϕ̃ are unwrapped.
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(a) Wrapped ϕ and ϕ̃ as a function of frequencies F.
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Figure 5.4: The true and measured phases and their unwrapped versions as a function

of their corresponding frequencies in LOS conditons.
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An histogram of the phase measurement errors εϕ̃ for a given frequency fnk is shown

in Figure 5.5 with a theoretical fit on the phase errors using equations (4.22) and

(4.23) to obtain the necessary Signal-to-Noise Ratio (SNR) κ from the error variance

σ2
ϕ̃ of the phase errors and the PDF of the Tikhonov distribution. This confirms that

phase measurements errors for a given frequency in a close-loop communication system

(a system where the receiver is enabled with either a first or second-order phase-lock

loop, which when locked tracks the phase of the received signal so as to compensate

the effects of the phase errors) follows the Tikhonov or Von Mises distribution using

collected insitu phase measurements [108–110]. As seen, the phase measurement errors

εϕ̃ are mainly between −1 and 1 with an error variance of σ2
ϕ̃ = 0.3 due to phase

measurements units having been collected in LOS conditions.

As it is well-known that indoor wireless localization is performed in environments, which

are characterized by high interferences from other devices and technologies sharing

the 2.4 − 2.5GHz ISM Band channels such as mobile phones and WiFi routers, rich

multipath propagations from reflectors and absorbers and scarcity of LOS. Therefore,

phase measurements evaluated in indoor environments are highly inaccurate and

perturbed as seen in Figure 5.6, where there exists noise in the form of interferences

and multhipaths in the upper bands of the selected frequencies channels. Due to these

large errors in the measured phases ϕ̃, the application of the unwrap algorithm did not

fully achieve smoothness of the measured phases, which leads to poor and inaccurate

measured distances d̃ using the average ranging technique in equation 5.8 (d = 9.7m

and d̃ = 9.13m, 11.03m, 4.52m, 3.40m and 5.34m for the measured phases ϕ̃ in Figure

5.6).

To mitigate against these interferences and multipath propagations in NLOS conditions,

two different ranging techniques are presented - 1) by applying the superresolution

techniques in Chapters 3 and 4 to different permuted set of phase measurements with

an outliers detection technique, and 2) a new slope sampling algorithm utilizing a

resolution tolerance and confidence threshold peak search on the spectrum of the

obtained residues from the sampling algorithm. These ranging techniques will be

applied on a single snapshot s of the measured phases ϕ̃N :s to compute multiple

measured distances d̃, resulting from different multipath signals in the measured phases,

which will then be used for target localization with trilateration techniques to be

introduced in the following subsection.
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corresponding frequencies in NLOS conditons.



112 Chapter 5: Application for Indoor Wireless Localization

5.3.3.2 Superresolution Algorithm with Outliers Removal Technique

From the studies of superresolution algorithms in [61, 64], it is necessary to note that

the performance of superresolution algorithms for DoA estimation showed that for

large values of snapshots S and covariance matrix size M × M (dependent on K)

and for uncorrelated signals, the algorithms can almost reach the deterministic CRLB.

Obviously, to improve the accuracy of these algorithms in NLOS conditions, increasing

the number of snapshots S per frequency fnk and the number of carrier frequencies

K for evaluating phase measurements Φ̃ lead to an accurate estimate of the sample

covariance matrix R̂x, therein accurate measured distances d̃. Inadvertently, it is not

of much importance the number of snapshots S and carrier frequencies K, if the wireless

channel encounters large interferences at specific carrier frequencies from other sources

as shown in Figure 5.6 which is very common in indoor environments.

As the wireless channel is unpredictable and unstable with interferences hoping from

one frequency to another, a frequency allocated for ranging will one way or another

experience interruptions at some point. Therefore, the challenge of improving accuracy

and optimizing resources while circumventing interferences and interruptions in the

wireless channel can be solved through the use of a large K-mark Golomb ruler

designed using the evolutionary genetic algorithm in Subsection 4.3.2 as it enables the

specific use of uninterrupted carrier frequencies F (admissible marks W) for evaluating

phase measurements Φ̃. Therefore, by measuring a large number of snapshots S per

frequency while utilizing a large number of carrier frequencies K selected through

specific allocation, the accuracy of distance estimates in NLOS conditions can be

improved greatly.

As the goal here is to compute multiple measured distances, in addition to increasing S

for the measured phases Φ̃ = [ϕ̃N :1, · · · , ϕ̃N :S2 ] across all frequencies F to improve the

performance, the measured phases ϕ̃ = ϕ̃N :s∀ s = {1, 2, · · · , S2} with a positive ∇ and

the smallest norm residual phase error ‖ϕ̃N :s−ϕ̂N :s‖ using equation (5.9) (the snapshot

of measured phases with the minimum phase error) is selected for ranging. Hence, we

present a ranging technique which computes multiple measured distances d̃ by applying

a superresolution algorithm separately on the permutation of the phase measurements

ϕ̃ = {ϕ̃n1 , · · · , ϕ̃nK−1 , ϕ̃nK} evaluated using K carrier frequencies F = {fn1 , · · · , fnK}
(using a K-mark Golomb ruler N = {n1, · · · , nK−1, nK}). This permutation leads to

different Golomb subsets3 of equal length phase measurements.

3A subset of a K-mark Golomb ruler is also a Golomb ruler of length lesser than K.
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For illustration, phase measurements ϕ̃ = {ϕ̃n1 , ϕ̃n2 , · · · , ϕ̃n14 , ϕ̃n15} are evaluated

using carrier frequencies F = {fn1 , fn2 , · · · , fn15} allocated through a 15-mark Golomb

ruler N = {1, 16, 27, 36, 39, 55, 60, 82, 111, 113, 143, 147, 153, 160, 161} and the permu-

tation of the Golomb ruler leading to different Golomb subsets of phase measurements

are

ϕ̃ =⇒



ϕ̃n1 , ϕ̃n1 , ϕ̃n1 , ϕ̃n1 , ϕ̃n1 . . .

ϕ̃n3 , ϕ̃n2 , ϕ̃n3 , ϕ̃n4 , ϕ̃n3 . . .

...
...

...
...

...
...

ϕ̃nK−3 , ϕ̃nK−4 , ϕ̃nK−4 , ϕ̃nK−2 , ϕ̃nK−2 . . .

ϕ̃nK , ϕ̃nK−1 , ϕ̃nK−2 , ϕ̃nK−1 , ϕ̃nK . . .


. (5.11)

Therein, a large number of Golomb rulers e.g., 13-mark can be created from the 15-

mark Golomb ruler along with their corresponding phase measurements.

Each of the Golomb subsets of phase measurements are then expanded into their

set of M phase differences (measure sets) �V = {∆ϕ̃1, · · · ,∆ϕ̃M} along with their

corresponding set of M frequency differences �F = {∆f1, · · · ,∆fM} as in Subsection

4.2.3. Following this, a superresolution algorithm is then applied separately on each

subsets to obtain multiple measured distances d̃ as in Subsection 4.2.4.

A simple and efficient outliers detection technique – a modified z-score [116] centred on

the median of the measured distances d̃ is used to computes residue r as

ri =

∣∣∣∣∣0.6745 · (d̃i − d̃median)

median|d̃− d̃median|

∣∣∣∣∣ , i = {1, 2, · · · }, (5.12)

where a measured distance d̃i with residue ri ≥ 0.5 is removed from the set of measured

distances d̃. This is done in order to remove measured distances which appear to

deviate or are inconsistent with the remainder of the measured distances i.e., to remove

distances which are affected by large noise and interference. This technique is shown

to be very robust and stable in obtaining accurate measured distance d̃ in NLOS

conditions as seen in Figure 5.7, where the mean of the distance estimates d̃ (after

applying the outliers removal technique on the computed measured distances d̃) is

compared against applying a superresolution algorithm on all the measured phases ϕ̃

without permutation.

The measured distances d̃ computed with this technique can be used along with the

trilateration techniques which requires multiple distances for each target-to-anchor links

for target localization to be proposed in Subsection 5.3.4.



114 Chapter 5: Application for Indoor Wireless Localization

1 6 11 16 21 26 31
9.5

10

10.5

11

11.5

12

 

 
Performance of superresolution algorithm without/with outlier detection

M
ea
su
re
d
D
is
ta
n
ce
s
d̃

Realization of Phase Measurements

MUSIC/z-score d̃
MUSIC d̃

True distance d

Figure 5.7: The comparison of the superresolution algorithm with/without outliers

removal.



Chapter 5: Application for Indoor Wireless Localization 115

One possible way to prevent the multiple parallel computations of superresolution

techniques required to improve accuracy while circumventing interferences and inter-

ruptions in the wireless channel is by optimizing the choice of the large K-mark Golomb

ruler. This can be done by generating multiple sets of K-mark Golomb ruler via the

evolutionary genetic algorithm and evaluating the corresponding phase measurements

from the PMUs obtained between each anchor-to-anchor links (locations of anchors are

known, therein their true distances can be calculated) using each ruler.

The measured distances between all anchors are computed using the superresolution or

the simple averaging algorithm on measured phases corresponding to different Golomb

rulers. The K-mark Golomb ruler with the minimum residual error between all anchor-

to-anchor measured distances and their true distance is opted for in subsequent ranging

procedure between targets and anchors. This technique can be done at periodic intervals

so as to determine the optimum choice of the K-mark Golomb ruler from multiple sets,

thereby selecting the ruler with the least ranging errors due to the high inconsistencies

in the wireless environment. Regrettably, this technique could not be implemented and

evaluated in the thesis as anchors in the positioning kit currently lack the ability to

range with one another.

5.3.3.3 Slope Sampling Algorithm

Despite the accuracy achieved by the superresolution algorithm with outliers removal

technique, a drawback to the technique is the extensive computational power and time

required to estimate in parallel multiple distances due to the eigendecomposition of

the large sample covariance matrix. To this end, we propose a new accurate ranging

technique with less computational complexity for obtaining multiple distance estimates

d̃ from a single estimation on the measured phases ϕ̃ using a slope sampling algorithm

(an algebraic sampling-based algorithm similar to a search-based maximum likelihood).

This algorithm is based on computing residual values from the differences between

an expanded set of measured slopes (from the measured phase differences and their

corresponding frequency differences) and an expanded set of sample slopes (from a

predefined set of sample distances), wherein the distances corresponding to the peaks

of the inverse residues using a resolution tolerance and confidence threshold peak search

on the obtained spectrum are selected for ranging.

Firstly, vectors of repeated/expanded measured slopes ∇i are created using each
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measured phase difference ∆ϕ̃i and its corresponding frequency difference ∆fi as

∇i =
[0, 2π, · · · ,∇max ·∆fi] + ∆ϕ̃i

∆fi
∀ i = {1, 2, · · · ,M}, (5.13)

where the maximum possible slope ∇max is obtained as

∇max =
∆ϕmax

∆fmin
=

4π

c
· dmax =

4π

c
· c

2fmin
=

2π

fmin
, (5.14)

and the last value in each ∇i is repeated multiple times such that all ∇i are of the

same length as ∇M .

Next, a vector of sample slopes ∇s is computed from a predefined set of sample distances

ds (similar to the fine grid in the MUSIC algorithm of Subsection 3.3.1) as

∇s =
4πds

c
. (5.15)

To compute the residues r, the measured slopes ∇ (of size M ×N∇M ) and the sample

slopes ∇s (of size Ns × 1) are both expanded by creating all the possible combinations

between the rows of ∇ and ∇s such that they both have equal lengths (equal number

of rows M ·Ns). This can be achieved using the index I

I =

 1·1M , 2·1M , . . . , Ns ·1M
1, · · · ,M1, 1, · · · ,M2, . . . , 1, · · · ,MNs

 , (5.16)

where 1M is a row vector of 1’s with length M . Therefore, a minimum of the differences

of slopes rmin is computed across all rows from the difference between the expanded

measured slope ∇ and expanded sample slope ∇s given as

rmin = min
[
abs
[
∇(I(2, :), :)−∇s(I(1, :), :)

]]
, (5.17)

where ∇s is repeated N∇M times to have the same number of columns as ∇.

From the index I above, the minimum of the differences of slopes rmin (vector of length

M·Ns) is such that every rmin

(
(i−1)·M+1 : i·M

)
are residual values corresponding to

each sample distance ds(i), for all i = {1, 2, · · · , Ns}. Therefore, the minimum of the

differences of slopes rmin can be reshaped to a matrix Rmin (of size M ×Ns), therein

the residues r for all sample distances ds is given as

r = median
[
Rmin

]
, (5.18)
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where r is the median value in each columns of length Ns and in LOS conditions, the

measured distance d̃ is the sample distance with the minimum residue min(r).

In NLOS conditions, situations occur where there exist no distinct minimum value in

the residue r (no distinct sample distance) due to mulitpath propagations. In this

regards, a peak search is performed on the spectrum of the inverse residue r = 1
r as

different peaks corresponds to different measured distances d̃ as seen in Figure 5.8(a).

A local maxima search is then performed on the spectrum of the residues r, such

that measured distances corresponding to a peak residue with r(i) ≥ 0.3 ·max(r) are

selected and measured distances corresponding to peaks that are within a resolution

tolerance tr in metres using all large peaks as references i.e., if a large peak occurs

at index N, then all smaller peaks in the range [N − Ntr ,N + Ntr ] are ignored, where

Ntr = 2tr · ceil
(
Ns−1
ds(Ns)

)
.

From above, the resulting selected measured distances d̃ are sorted according to their

respective residues r. Within these distances, there are distances of low peaks with

respect to other peaks to be removed, which is achieved by converting the residues

of all distances into confidence values, therein distances with a lower confidence value

than the confidence threshold are eliminated. Therefore, the set of measured distances

d̃ = {d̃}i1 such that the confidence value c(i) is greater than the confidence threshold

cth are selected for ranging, where the corresponding confidence values c for each set

of distances are computed as

c =
{r}i1

min{r}i1
(5.19)

c =
c∑

c
∀ {i = 1, · · · , Nr}.

In these NLOS channel conditions, this technique computes multiple distance estimates

due to the spectrum having multiple large peaks and in most cases the distance

corresponding to the global peak (this is likely an accurate measured distance in

LOS and soft NLOS conditions) is not an accurate estimate as seen in Figure 5.8(b),

where the spectrum of the residue from the slope sampling algorithm and the obtained

measured distances d̃ are shown with a confidence threshold cth = 0.3 and resolution

tolerance tr = 1m.

In the next subsection, the measured distances computed with this technique will be

used with a set of proposed trilateration techniques which require multiple measured

distances in each target-to-anchor links for target localization.
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Figure 5.8: The spectrum of the residue r showing the obtained measured distances.
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5.3.4 Trilateration Techniques

Trilateration as one of the major problem in wireless localization is the process of

estimating the absolute location of unknown targets Θ given their distances to a set

of known references - the anchors Φ. In this part of the thesis, we clearly present

trilateration techniques which estimates the location of an unknown target θi utilizing

the multiple measured distances d̃ij between target i and anchor φj which is obtained

from the slope sampling algorithm with their respective confidence values cij .

As it is known, one of the many ways of improving accuracy, precision and robustness

in target localization is by providing positioning algorithms with an initial target guess

a process called initialization. Therefore, initial location estimates for the targets are

computed using a trilateration technique (the intersection of multiple circles) which

positioning algorithms (non-iterative and low computation algorithms) requiring an

initial guess can improve upon.

Let us consider the case of a target i and two given anchors j and k, all the possible

intersections between the measured distances d̃ij and d̃ik are computed as Ψi:jk with

their corresponding confidence values ci:jk = cij ·cik as the product of the confidence

values cij and cik as seen in Figure 5.9(a).

Amongst the intersections Ψ, only one is required as an initial guess to initialize

the positioning algorithm. In order to select the initial target estimate θ̂
0
i from the

intersections Ψ, first, intersections which are not inside a convex region to be created

around the location of the likely target i are eliminated. This convex region for selecting

the initial target estimate θ̂
0
i is created as follows. First, an upper and lower anchor

coordinates ΦU and ΦL are created by

ΦU =
[
Φ + d̃m

]
,

ΦL =
[
Φ− d̃m

]
, (5.20)

where d̃m = {d̃m(cij)}Naj=1 are the measured distances required to create the convex

region around the target i. The selection or computation of the measured distance

d̃m(cij) between the target i and anchor j involves the following steps:

a) If the distance with the largest confidence value in d̃ij corresponds to the largest

distance in d̃ij , this distance is selected;

b) If the above is not the case, the measured distance d̃m(cij) is computed as
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d̃m(cij) = d̃ij · cT
ij . (5.21)

Therefore, the coordinates of the created convex region Φr are computed as

Φr =
[

min{ΦU}; max{ΦL}
]
, (5.22)

and therefore across all η dimensions, only intersections such that Ψr = max{Φr} ≥
Ψ > min{Φr} are selected i.e., intersections inside the created convex region of target

i as in Figure 5.9(b), out of which only one intersection is also selected as the initial

target estimate θ̂
0
i .

From the first realization of target-to-anchors phase measurements, to select an initial

estimate for target i from the intersections Ψr in the convex region, the following two

methods are proposed:

a) the intersection ψrmax(ci:jk)
with the maximum confidence value max(ci:jk) is

chosen as the initial target estimate θ̂
0
i ;

b) the intersection ψrmin(H)
with the minimum Hessian Hi:l of a cost function Si:l on

each intersection ψrl , with

Si:l , arg min
Ψr

Na∑
j=1

(d̃ij − d̂ij:l)2

cij
(5.23)

is chosen as the initial target estimate θ̂
0
i ; where d̃ij are the measured distances,

d̂ij:l is the distance estimate between each intersection ψrl and anchor φj , and

cij are the corresponding confidence values of the measured distances d̃ij .

The Hessian Hi:l of the cost function Sj:l is therein computed as

Hj:l = det


∂2Si:l
∂x2

rl

∂2Si:l
∂xrl∂yrl

∂2Si:l
∂xrl∂yrl

∂2Si:l
∂y2

rl

 ∀ {l = 1, · · · , L = NΨr}, (5.24)

where (xrl , yrl) are the coordinates of each intersections Ψrl .

For the estimation of the target’s coordinates, the measured distances with the

minimum residue
[
d̃ij − ‖φj − θ̂

0
i ‖
]

for all target i to anchor j = {1, 2, · · · , Na} links

are passed as inputs to the positioning algorithms along with the initial estimate θ̂
0
i for

computation.
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Figure 5.9: Illustration of the trilateration technique to obtain an initial target estimate.
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Subsequently from the second realization of phase measurements, the selection of

the initial target estimate θ̂
0
i achieved by through the intersection ψrmax(ci:jk)

with

the maximum confidence value is replaced by selecting the intersection ψr with the

minimum distance to the target position θ̂i computed from the first (previous) real-

ization of phase measurements – a form of tracking and similarly for other subsequent

realizations, while the selection of the intersection ψrmin(H)
with the minimum Hessian

Hi:l of the cost function Si:l remains the same. Therein, the measured distance for each

target i to anchor j links remains the measured distances with the minimum residue[
d̃ij − ‖φj − θ̂

0
i ‖
]

for all target i to anchor j = {1, 2, · · · , Na} links, which are then

passed as inputs to the positioning algorithms along with the initial estimate θ̂
0
i for the

estimation of the target’s current location θ̂i.

In the next section, we provide a detailed description of simulation and real-time

analyses performed in this thesis for the evaluation of the proposed ranging and

trilateration techniques.

5.4 Performance Evaluation

For the necessary performance measures such as accuracy, precision and robustness

to be satisfied for indoor wireless localization, the proposed ranging and trilateration

techniques in this thesis must be analyzed under different and difficult network

localization scenarios using simulated and real-time phase measurements evaluated in

both LOS and NLOS conditions.

Firstly, let us consider a network of N = 8 devices with Na = 5 anchors forming an

irregular localization scenario as shown in Figure 5.10 and Nt = 3 targets in which two

targets are inside the convex hull of the anchors and one target is outside the convex

hull. Here, the targets and anchors form a non-cooperative network4, where the targets

only communicate with the anchors to evaluate phase measurements. For simulation

analysis, in the case of LOS conditions, the phase measurements which are modeled as

ϕ̃ ∼ f(ϕ̃;ϕ, κ), (5.25)

with f(ϕ̃;ϕ, κ) the PDF of the Tikhonov distribution

f(ϕ̃;ϕ, κ) ,
1

2πI0(κ)
· exp(κ cos(ϕ̃− ϕ)), −π ≤ x ≤ π, (5.26)

4Non-cooperative positioning is used for consistency in both the simulated and real-time positioning
as targets can not communicate with one another in the ZIGPOS positioning kit.
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where In(κ) is the n-th order modified Bessel function of the first kind and κ is a shape

parameter which in the case of phase estimates is in fact given by the signal-to-noise-

ratio (SNR) of input signals [108, Eq. (37)], and that relates to the error variance by

σ2
ϕ̃ ≈ 1

2κ . In NLOS conditions, phase measurements are modeled as the sum

ϕ̃ ∼ f(ϕ̃;ϕ, κ) + U(ϕ̃; bmax), (5.27)

where U(ϕ̃; bmax) generates uniform random variables between [0, bmax].

For the ranging between the targets and anchors, the true phases ϕ are evaluated using

equation (5.7), where the carrier frequencies F = {2403.0, 2408.5, 2410.0, 2410.5, 2415.0,

2425.5, 2433.5, 2445.5, 2454.5, 2463.0, 2465.5, 2469.0, 2479.0, 2482.0, 2483.0}MHz are al-

located through the 15-mark Golomb rulerN = {1, 12, 15, 16, 25, 46, 62, 85, 104, 121, 126,

133, 153, 159, 161} were selected for efficiency and simulating the measured phases ϕ̃

with a step frequency of 0.5MHz similar to those in Figure 5.3. The multiple measured

distances d̃ and their corresponding confidence values c are obtained using the slope

sampling ranging algorithm with a confidence threshold cth = 0.3 and resolution

tolerance tr = 1m.

For target localization, the trilateration techniques (using either the intersections with

the maximum confidence value (1) or the intersections with the minimum Hessian (2))

were used to compute an initial target estimate for the SMDS algorithm5, which was

then used to estimate the location of the different targets. In Figure 5.10, the location

estimates of the targets using the SMDS algorithm with the intersection techniques

(SMDS 1 and SMDS 2) under soft NLOS conditions – phase measurement errors

σ2
ϕ̃ = 0.3 and maximum possible bias bmax = 0.5 were shown. Results of the target

estimates depict a strong accuracy, precision and robustness of the presented ranging

and trilateration techniques for target localization, where 95% of the target estimates

have a RMSE of less than 0.2m. Thereafter, the presented ranging and trilateration

techniques were analyzed in strong NLOS conditions – phase measurement errors σ2
ϕ̃ =

0.3 and maximum possible bias bmax = 2. The target location estimates from the

resulting techniques were shown in Figure 5.11, where it is seen again the techniques

depict a strong robustness with good accuracy and precision for target localization

under such difficult conditions with 80% of estimates having a RMSE of ≤ 0.5m.

Finally, a plot of the RMSE of the target estimates against the maximum possible bias

bmax with a constant phase measurement error σ2
ϕ̃ = 0.3 utilizing multiple realizations

5SMDS was chosen as it is the most accurate algorithm in both LOS and NLOS conditions among
the compared state of the art algorithms.
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for smoothing is shown in Figure 5.12. The results emphasize the accuracy and

robustness achieved by the presented ranging and trilateration techniques for wireless

localization under LOS and NLOS conditions. It is quite clear that the trilateration

technique of selecting the intersection with the maximum confidence value for the first

realization and replacing this from the subsequent realization by the intersection with

the minimum distance to the target estimate from the previous realization performs best

with much more stability that the other intersection scheme in all channel conditions.

Next, the presented ranging and trilateration techniques were also analyzed utilizing

evaluated real-time Phase Measurement Units from the ZIGPOS positioning kit. To

this end, the localization devices – targets and anchors were deployed in an indoor

environment – the foyer of the Information Resource Center (IRC) of Jacobs University

Bremen (JUB) as seen in Figures 5.13, 5.14 and 5.15 with possible LOS and NLOS

conditions depicting strong multi-paths, reflections and absorption while utilizing

similar localization scenarios as in simulations. For the evaluation of the PMUs, similar

ranging configurations parameters (carrier frequencies F and step frequency 0.5MHz)

and the other parameters include a transmit power of 4mW, antenna diversity and a

distance offset of 0.5m. The full results are shown in Figure 5.16 which illustrate the

efficiency, accuracy, precision and robustness achieved by the presented ranging and

trilateration techniques for wireless localization in indoor environments.

5.5 Conclusions

In this chapter, we presented accurate ranging techniques to obtain multiple distance

estimates from a single realization of phase measurements by applying superresolution

techniques to different permuted set of phase measurements with an outliers detection

technique, and a new slope sampling algorithm utilizing a resolution tolerance and

confidence threshold peak search on the obtained spectrum of the residues. These

multiple distance estimates were then used to estimate the target position using the

SMDS which requires an initial target estimate obtained using the intersections of

measured distances and the target position from previous realization. Finally, we then

performed experiments and analysis for target localization in indoor environments

utilizing simulated and real time phase measurements under difficult Line-of-Sight

and Non-Line-of-Sight conditions. These techniques satisfied important performance

measures for indoor positioning system using different localization scenarios where

results depicted the accuracy, robustness and stability achievable with the proposed

techniques.
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Figure 5.10: Soft NLOS conditions with phase errors and phase bias.
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Chapter 6

Conclusions And Future Works

6.1 Summary and Conclusions

In this thesis, we attempt to solve the problem of a mutually conditional ranging

and trilateration for wireless localization, mostly in indoor environments We attempt a

unification of the two problems – ranging and positioning, with the aim at improving the

accuracy, reliability, flexibility, and scalability of wireless localization systems, thereby

presenting high resolution ranging techniques as well as robust and accurate positioning

techniques. The results of the thesis can be summarized as follows.

In Chapter 2, we provided an error analysis by estimating and reconstructing the

statistics of the ranging error without a priori knowledge of the wireless channel using

the Gaussian kernel and Edgeworth Expansion methods. Results showed that the

Edgeworth technique is a more efficient technique than the Gaussian Kernel method.

In Chapter 3, we proposed a ranging algorithm, which combines superresolution

algorithms such as MUSIC and Root MUSIC with the powerful notion of a sparse ruler,

to perform efficient and accurate Time of Arrival-based ranging. The optimized sparse

solution depicted a superior performance when compared against the naive uniform

solution while reaching the fundamental limits depicted by the CRLB.

In Chapter 4, an efficient and accurate solution to the multipoint ranging problem

was presented, based on an adaptation of superresolution techniques, with optimized

sampling. Under a unified framework, we constructed a variation of the superresolution

algorithms to perform distance estimation over sparse sample sets determined by

Golomb rulers. The design of the mutually orthogonal sets of Golomb rulers required

132
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for multipoint ranging method was achieved via the proposed evolutionary genetic

algorithm which also generates optimal Golomb rulers. A CRLB analysis of the

optimized multipoint ranging solution was performed to quantify the gains achievable.

In Chapter 5, performance evaluation for applications in wireless localization utilizing

simulated and real time measurements were performed. First, a new accurate ranging

techniques to obtain multiple distance estimates by applying superresolution techniques

to different set of measurements with an outliers detection technique and a new slope

sampling algorithm utilizing a peak search on a computed spectrum of residues were

presented. The SMDS algorithm which requires an initial target estimate obtained

using proposed trilateration techniques (intersection of measured distances) were used

for target localization in different localization scenarios.

6.2 Future Works

From the results shown in this thesis, various and different directions can be further

for future works, implementations and advancements, From example, the proposed

reconstruction methods in Chapter 2 would be used to estimate the statistics of the

ranging errors of phase measurements from a single realization in assist the construction

of positioning algorithms in taking advantage of this a priori statistics in the form of

weighting strategies for the therein computed measured distances. This therefore will

provide more variability in the analysis of the localization problem for the purpose of

wireless localization. In terms of a new direction, a new positioning algorithm utilizing

the minimization of a weighted least square objective function will be investigated as

well. Also, the solution of the multipoint ranging problem provided in 4 will be furthered

in real time application scenarios to investigate its visibility for for optimization of

resources while maintaining efficiency and accuracy in wireless localization.

Ranging and Positioning techniques will be analyzed, investigated and proposed for

new technologies, mainly UWB and WiFi to take advantage of the enormous potential

in terms of the accuracy of UWB devices and the already available large deployment

and scalability of WiFi devices without requiring any special hardwares or modification.

Finally as a final wrap up, we would take a closer look into positioning in the form

of semantic localization, e:g: “I am at the corridor”, “I am the printer room” rather

than just geographic coordinates. Therein, the goal would be not only to determine

the coordinates of the target but rather the semantics associated with coordinates in

the pre-defined location profiles of an environment - office, malls, streets etc.



Appendix A

Pseudo-codes

Algorithm 1 - Unwrap Algorithm

ϕ̃N :s ←− Measured phases for a single snapshot (given)
F←− Carrier frequencies of the corresponding phases (given)
K ←− Number of carrier frequencies used (given)
F = F− fn1

while flag = 1 do

∇ =

K∑
k=1

fnk · ϕ̃nk:s −
1

K

K∑
k=1

fnk ·
K∑
k=1

ϕ̃nk:s

K∑
k=1

f2
nk
− 1

K

( K∑
k=1

fnk

)2

I =
1

K

K∑
k=1

ϕ̃nk:s −∇ ·
1

K

K∑
k=1

fnk

ϕ̃N :s = sign(∇) · ϕ̃N :s

ϕ̃N :s =
[
ϕ̃N :s + 2π; ϕ̃N :s; ϕ̃N :s − 2π

]
ϕ̂N :s = ∇ · F+ I

Iindex = min |(ϕ̃N :s − ϕ̂N :s|
ϕ̃N :s = ϕ̃N :s(Iindex + (0 : 3 : 3K − 1)

if ‖ϕ̃N :s − ϕ̃N :s(2)‖ then flag = 0

end if
end while
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Algorithm 2 - Sparse Ruler Generation Algorithm

K ←− Desired order of the ruler (given)
C ←− Maximum number of mutations (given)
smax := K − 1
while @ Sp|f(Sp) = K (K−1)

2 do
S∗ := {1, 2, · · · , smax}
for p := 1→ P do

count ← 0
Sp ← randomly select K − 1 elements of S∗
Sp ← randomly permute the elements of Sp
while count <= C do
S†p = M(Sp).
if f(S†p) < f(Sp) then

Sp ← S†p
end if
count ← count + 1

end while
end for
P
† = {Sp}Pp=1

if @ Sp|Rp = 0 then
smax ← smax + 1
restart

else
P
†
♂ ← {Sp|Rp = 0}
S♂ = {Sp ∈ P†♂|f(Sp) < f(Sq) ∀ q 6= p}
P
†
♀ ← P

† \ S♂
end if
for p := 1→ P − 1 do
S†p ← C(Sp,S♂)
if f(S†p) < f(Sp) then
Sp ← S†p

else if f(S†p) < f(S♂) then
S♂ ← S†p

end if
end for

end while
function Fitness Function

Np ← length of Np associated to Sp (input)
Rp ← number of repeated elements in Sp (input)
f(Sp)← Np × (Rp + 1).
return f(Sp)

end function
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Algorithm 3 - Mutually-orthogonal Golomb Rulers Generation Algorithm

W ←− Set of admissible marks (given)
K ←− Desired order of the ruler (given)
C ←− Maximum number of mutations (given)
G←− Maximum number of generations (given)
smax := 3K
while @ Sp|f(Sp) = K (K−1)

2 do
S∗ := {1, 2, · · · , smax}
for p := 1→ P do

count ← 0
Sp ← randomly select K − 1 elements of S∗
Sp ← randomly permute the elements of Sp
while count <= C do
S†p = M(Sp).
if f(S†p) < f(Sp) then

Sp ← S†p
end if
count ← count + 1

end while
end for
P
† = {Sp}Pp=1

if @ Sp|Rp = 0 then
smax ← smax + 1
restart

else
P
†
♂ ← {Sp|Rp = 0}
S♂ = {Sp ∈ P†♂|f(Sp) < f(Sq) ∀ q 6= p}
P
†
♀ ← P

† \ S♂
end if
count ← 0
while count < G or ∃ Sp|f(Sp) = K (K−1)

2 do
for p := 1→ P − 1 do
S†p ← C(Sp,S♂)
if f(S†p) < f(Sp) then
Sp ← S†p

else if f(S†p) < f(S♂) then
S♂ ← S†p

end if
end for

end while
end while
function Fitness Function

Np ← length of Np associated to Sp (input)
Rp ← number of repeated elements in Sp (input)
Fp ← number of forbidden marks in Np (input)
f(Sp)← Np × (Rp + Fp + 1).
return f(Sp)

end function
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